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ABSTRACT

Neutron star Interior Composition Explorer (NICER) data have been used to estimate the

masses and radii of the rotation-powered millisecond pulsars PSR J0030+0451, PSR J0740+6620,

PSR J0437−4715, PSR J1231−1411, and PSR J0614−3329, sometimes in joint analyses with X-ray

Multi-Mirror (XMM-Newton) data. These measurements provide invaluable information about the

properties of cold, catalyzed matter beyond nuclear saturation density. Here we present the results

of our modeling of NICER data on PSR J0437−4715 using several different models of hot thermal

X-ray emitting spots on the stellar surface. For this pulsar, previous Nuclear Spectroscopic Telescope

Array (NuSTAR) observations established that there is also a modulated nonthermal component to the

emission, but the previously published analysis of NICER data did not model this component. We find

that the Bayesian evidence is significantly higher when the modulated nonthermal component is in-

cluded, and that omission of this component leads to poor fits to the bolometric NICER data and thus

risks bias in the resulting radius estimates. Our models, which we pursue to inferential convergence,

therefore have modulated nonthermal emission, and our headline model has in addition three uniform-

temperature thermally-emitting circular spots. Using this model, the symmetric 68% credible range in

the radius is 11.8 km to 15.1 km, which at the independently-measured mass ofM = 1.418±0.044M⊙
is consistent with previous reports of the radius of the ∼ 1.4 M⊙ pulsar PSR J0030+0451. We discuss

the implications of this measurement for the equation of state of dense matter.
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1. INTRODUCTION

The equilibrium state of cold matter beyond nuclear

saturation density ρsat ≈ 2.6 × 1014 g cm−3 cannot be

determined from first principles, because of the fermion

sign problem (e.g., Loh et al. 1990; see Li & Yao 2019 for

a recent review). Even innovative frameworks such as
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chiral effective field theory (Weinberg 1990, 1991, 1992;

Drischler et al. 2021) have uncertainties that become

large at densities greater than∼ 1.5−2 ρsat. Thus exper-

iment and observation are essential to understand cold

dense matter, and because terrestrial laboratories can-

not reach the combination of high density, temperature

much less than the Fermi temperature, and large excess

of neutrons over protons seen in neutron stars, obser-

vations of neutron stars hold the key to understanding

nuclear physics in this extreme state.

Over the last decade or so, several lines of astronom-

ical observations have contributed constraints on the

macroscopic properties of neutron stars, and thus on

the microscopic equation of state (EOS; for cold, cat-

alyzed neutron stars this is conveniently represented

as the pressure P as a function of energy density ϵ).

These lines include the discovery of high-mass neu-

tron stars by radio timing (Demorest et al. 2010; Anto-

niadis et al. 2013; Cromartie et al. 2020; Fonseca et al.

2021; Saffer et al. 2025), including the more model-

dependent masses inferred from the so-called “black

widow” pulsars (e.g., Romani et al. 2022, 2025); the

binary neutron star coalescence GW170817, which pro-

vided an upper limit to the tidal deformability of ∼
1.4 M⊙ neutron stars (Abbott et al. 2017; De et al.

2018); and X-ray measurements of the neutron stars

PSR J0030+0451 (Miller et al. 2019; Riley et al. 2019;

Vinciguerra et al. 2024), PSR J0740+6620 (Miller et al.

2021; Riley et al. 2021; Dittmann et al. 2024; Salmi

et al. 2024a), PSR J0437−4715 (Choudhury et al.

2024a), PSR J1231−1411 (Salmi et al. 2024b), and

PSR J0614−3329 (Mauviard et al. 2025) using Neu-

tron Star Interior Composition Explorer (NICER) and

X-ray Multi-Mirror (XMM-Newton) X-ray data comple-

mented by radio measurements. To this list we can add

potentially more model-dependent inferences from the

electromagnetic afterglow of GW170817 and from gen-

eral properties of short gamma-ray bursts (Bauswein

et al. 2013; Fryer et al. 2015; Lawrence et al. 2015; Mar-

galit & Metzger 2017; Most et al. 2018; Rezzolla et al.

2018; Ruiz et al. 2018; Chirenti et al. 2019, 2023; Guedes

et al. 2025) and other X-ray data (Miller & Lamb 2016;

Özel et al. 2016; Watts et al. 2016; Nättilä et al. 2017).

By 2030 it may be possible to measure the moment of

inertia of PSR J0737−3039A via pulsar timing at radio

wavelengths to a precision of ∼ 10% (Hu et al. 2020).

Here we report our analysis of NICER data on the

173.7 Hz pulsar PSR J0437−5715. Like the other pul-

sars observed with NICER, PSR J0437−4715 is not ac-

tively accreting. Instead, the X-ray pulsations evident

in NICER data are caused by hot spots on the sur-

face of the spinning neutron star, formed when highly

relativistic (characteristic Lorentz factors likely >∼ 107)

beams of electrons and positrons, which are generated

as part of the process that produces coherent radio emis-

sion, penetrate the surface and deposit their energy

(Harding & Muslimov 2011). PSR J0437−4715 is in

a binary system, so radio observations place tight con-

straints on the mass (M = 1.418 ± 0.044 M⊙), the dis-

tance (D = 156.96± 0.11 pc, from the Shklovskii effect

(Shklovskii 1970) on the orbital period derivative), and

the inclination angle of the observer to the orbital axis

(i = 137.506 ± 0.016 deg; all numbers from Reardon

et al. 2024).

Because PSR J0437−4715 has the highest X-ray flux

among non-accreting millisecond pulsars (with, e.g.,

∼ 3× the NICER count rate of PSR J0030+0451 and

∼ 30× the NICER count rate of PSR J0740+6620),

models of the X-ray hot spots are put to a particularly

exacting test for this pulsar. We therefore explore three

models of the thermally emitting hot spots (all of which

use nonmagnetic model atmospheres of fully ionized hy-

drogen) to the NICER data (see Section 3). Our mod-

els also include contributions which do not vary in a

way commensurate with the pulsar rotational frequency

and thus are unmodulated in the folded pulse waveform,

based on a model of background counts from Remil-

lard et al. (2022) and from an angularly nearby active

galactic nucleus (AGN). We further include a modulated

nonthermal contribution, which we model as a power

law, based on the observed modulation in higher-energy

Nuclear Spectroscopic Telescope Array (NuSTAR) data

(Guillot et al. 2016).

The observation of pulsed emission with NuSTAR in

the energy range between 2 − 20 keV (Guillot et al.

2016) is significant because it is implausible that re-

ceived flux with this spectrum and energy range could be

produced by thermal emission originating on the surface

of the neutron star. Furthermore, Guillot et al. (2016)

showed that a power law emission model describes both

the NuSTAR data and the lower energy (0.5–2.0 keV)

XMM-Newton observations (Bogdanov 2013) of a non-

thermal spectral component. This implies that a small

fraction of the pulsed emission appearing in the NICER

data (0.3–3.0 keV) originates from a region co-rotating

with the neutron star, such as the magnetosphere. We

model this emission with a modulated power law com-

ponent, as described in Section 3.6. As shown in Section

4, our models that include this modulated power law re-

sult in much better Bayesian evidence than the models

that attempt to describe all of the NICER emission as

arising from thermally emitting hot spots on the star’s

surface.
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Our spot models are two uniform-temperature circu-

lar spots, two uniform-temperature oval spots, and three

uniform-temperature circular spots. The spots have in-

dependent angular sizes and temperatures, can be any-

where on the star, and can overlap or not, as the fit

prefers. As we discuss in Section 5, when the modulated

power law is not included, the bolometric fit to the data

is poor. When the modulated power law is included, the

bolometric fit is better and all three of the models with

a modulated power law have similar Bayesian log evi-

dence, which is several tens larger than when the mod-

ulated power law is not included. Thus the modulated

power law must be included, but none of the spot mod-

els is preferred on the basis of their Bayesian evidence.

The three-circle model has the highest log likelihood;

its radius posterior is the broadest of the three mod-

els (although the radius posterior overlaps at the 90%

credible level for all models). We therefore feature this

model. Its symmetric 68% credible range for the radius

is 11.8 km to 15.1 km.

We have also compared our best NICER-only model

with the X-ray Multi-Mirror (XMM-Newton) data on

PSR J0437−4715. We find that extra XMM-Newton

background flux, beyond that measured in the immedi-

ate vicinity of the pulsar, is necessary to obtain agree-

ment between our model and the XMM-Newton data.

We therefore focus entirely on fits of the NICER data,

rather than attempting joint fits with the XMM-Newton

data.

In Section 2 we describe our selection of data and the

calibration of the instruments. In Section 3 we give a

brief description of our analysis methods; more details

may be found in previous papers (Miller et al. 2019,

2021; Dittmann et al. 2024). In Section 4 we discuss our

models and compare our best fit with the data, finding

no systematics in the residuals. In Section 5 we present

our results and in Section 6 we discuss the implications

that our PSR J0437−4715 radius measurements, com-

bined with other results, have for the equation of state

of cold, catalyzed matter above ρsat. In Section 7 we

present our conclusions, and in several appendices we

provide details of our fits including corner plots. Pos-

terior samples from our analysis will be made available

upon request to the corresponding author.

2. OBSERVATIONS

For this analysis we make use of NICER X-ray Timing

Instrument (XTI) exposures of PSR J0437–4715 cov-

ering the interval between 2017 July 6 and 2021 July

31. The NICER data of this pulsar contain a signifi-

cant flux contribution from the bright Seyfert II AGN

RX J0437.4−4711 (Halpern & Marshall 1996), situated

4.′18 away. To minimize contamination due to the AGN

and other neighboring sources, NICER observations of

PSR J0437–4715 were carried out using a pointing posi-

tion 1.′47 to the southwest of the pulsar (see Bogdanov

et al. 2019b, for further details).

To produce a clean event list suitable for analysis, we

adopt the 3C50 model approach, primarily because it is

designed to also produce a background spectrum from

the source data set with reliable uncertainty estimates

in the energy band of interest. The details of the 3C50

model are described in Remillard et al. (2022).

Valid exposure segments for PSR J0437−4715 were

first determined with the HEASoft tool nimaketime,

and the times were masked by ±30 s at the orbital

day/night boundary. From there, continuous intervals

longer than 200 s were selected for further cleaning. For

each good time interval (GTI), the raw NICER spec-

trum is extracted, a background prediction is obtained

with the 3C50 model, and six filtering tests (see the next

paragraph) are performed on the results. Only GTIs

with 50 detectors active are included in the final se-

lection, with events from detectors with DET ID 14 and

34 always excluded as they frequently exhibit elevated

count rates well above the average of the other detectors.

The 3C50 background model makes use of three non-

source count rates from the on-source GTIs of the actual

observations being considered to select and rescale back-

ground components from a reference library of models.

Two filters apply to parameters needed for the back-

ground model: the slow chain noise rate normalized

to 50 Focal Plane Modules (FPMs) at 0.0–0.25 keV,

nz < 220 counts s−1, and the normalized rate of good

events at 15–18 keV (where the performance of the XTI

is such that effectively no astrophysical source signal

is expected), ibg < 0.2 counts s−1 (nz, ibg, and hbg

are defined in Remillard et al. 2022). The next two

filters act on the net background-subtracted spectrum,

S0net < 0.15 counts s−1 and hbgnet < 0.05 counts s−1,

where the corresponding energy bands are 0.2–0.3 keV

for S0 and 13–15 keV for hbg. Finally, when the net

pulsar spectrum shows very faint or undetectable inten-

sity above 2 keV, filters are added in the C band (2–4

keV), Cnet < 0.1 counts s−1, and D band (4–12 keV),

Dnet < 0.3 counts s−1. This rigorous filtering procedure

reduces the initial unfiltered 2.736 Ms exposure to 1.310

Ms.

NICER also conducted on-axis observations of the

AGN RX J0437.4−4711 during 2017 July 10–20, 2017

October 8–10, 2021 December 10–26, and 2022 February

28–March 19, in order to establish its flux and range of

variability. The mean spectrum of the AGN was de-

termined for each epoch using the 3C50 background
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model and level 2 filtering applied to each GTI. The

average intensity (0.3–3.0 keV) was determined to be

6.26 counts s−1, while the rms deviation between the

four epochs is 25%. The expected contribution from the

AGN in the PSR J0437–4715 dataset is represented by

the mean AGN spectrum, scaled down by a factor of

42, corresponding to the reduction in telescope effective

area based on the angular separation between the AGN

and the offset pointing direction.

The final selection of filtered NICER events was phase-

folded based on the ephemeris from a publicly available

Parkes Pulsar Timing Array radio timing solution (see

Reardon et al. 2024) using the PINT17 (Luo et al. 2021)

photonphase tool.

3. METHODS

Our approach to the generation of waveforms and the

analysis of NICER and XMM-Newton data has been

described in several previous papers. We summarize our

methods, with references to papers with more details, in

the following subsections.

3.1. Spacetime

To generate waveforms we select heated patterns

on a neutron star surface and trace those photons

through vacuum to the observer using the “oblate

Schwarzschild approximation” (Morsink et al. 2007; Al-

Gendy & Morsink 2014; for an update see Jakab &

Morsink 2025. In this approximation, we model the sur-

face as an oblate spheroid with properties given by the

rotation rate and the mass and radius the star would

have without rotation, and include all special relativis-

tic effects. However, we use the spherical Schwarzschild

spacetime for the external spacetime of the star. For ro-

tation rates below∼ 600 Hz, the error introduced by this

approximation, compared with the numerically exact so-

lution obtained by solving the full Einstein field equa-

tions for a rigidly rotating star, is several times smaller

than the statistical uncertainties in the data (Bogdanov

et al. 2019a). We have also verified the accuracy of our

waveform codes against other codes (Bogdanov et al.

2019a, 2021; Choudhury et al. 2024b).

3.2. Magnetic Fields

We assume that the magnetic field in the neutron

star atmosphere is too weak to affect the atmospheric

structure or the spectrum or beaming of photons from

the surface, at NICER energies. In practice, this is

a good approximation when the electron cyclotron en-

ergy is much less than the 0.3 keV minimum energies

17 https://github.com/nanograv/PINT

that we analyze, i.e., when the surface magnetic field

is much less than ∼ 3 × 1010 G (for more detail, see

Bogdanov et al. 2021). PSR J0437−4715 has a rota-

tion period of P = 0.005757 seconds and an observed

period derivative Ṗ = 5.729 × 10−20 (Verbiest et al.

2008; Reardon et al. 2024). However, the majority of

this observed period derivative comes from proper mo-

tion (the Shklovskii effect, Shklovskii 1970), and when

the measured proper motion etc. from Reardon et al.

(2024) are used to calculate the magnitude of this ef-

fect we find that the intrinsic period derivative is only

Ṗintrinsic = 1.369 × 10−20. Inserting this into equation

(12) of Contopoulos & Spitkovsky (2006) implies that

for a magnetic field inclination θ of π/2 and a field con-

figuration with α = 0 (i.e., so that the closed region of

the magnetic field reaches the light cylinder), the surface

field strength is B ≈ 4 × 108 G, which is weak enough

to be neglected unless significantly stronger multipoles

exist on the surface. See Section 3.1 of Miller et al.

(2021) and Section 3.1.3 of Dittmann et al. (2024) for

more details about this argument.

3.3. Atmosphere Models

Because the neutron star surface gravity is so strong

and the star is not actively accreting, we expect that

the atmosphere will consist purely of the lightest el-

ement present (Alcock & Illarionov 1980). Given the

5.74 day orbital period of the PSR J0437−4715 binary

(Verbiest et al. 2008), which is easily large enough to

have contained a donor with a hydrogen envelope, the

atmosphere is likely to be pure hydrogen. We attempted

one run using a helium atmosphere, and found that the

resulting fits were poor, with a low probability of be-

ing correct. Therefore, our results focus on fully ion-

ized nonmagnetic hydrogen atmospheres, using the NSX

code (Ho & Lai 2001) for the model atmospheres.18

We work in the deep-heating approximation: that the

energy emerging from the photosphere was effectively

deposited infinitely deep in the atmosphere by the high-

energy electrons and positrons that hit the surface as

part of the pulsar process. This is a good approxima-

tion at the Lorentz factors γ ∼ 107 expected for millisec-

ond pulsars (Harding & Muslimov 2002). If, contrary to

expectations, most of the deposited energy comes from

far lower-energy electrons and positrons, γ < 100, then

the energy is deposited in shallower layers. In that case,

18 Partial ionization is possible for the lower-temperature spots,
but previous work has found little difference in the inferred ra-
dius between fully and partially ionized hydrogen atmospheres
(see, e.g., section 3.1 of Miller et al. 2021) and the tables for
partially ionized hydrogen are not as complete as for fully ion-
ized hydrogen.

https://github.com/nanograv/PINT
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Bauböck et al. (2019) and Salmi et al. (2020) found, as

expected, that the resulting beaming pattern of emission

would be broader than in the deep-heating approxima-

tion. This would lead to a lower modulation fraction in

the waveform. To match an observed modulation frac-

tion, other parameters would therefore need to adjust.

In particular, a lower compactness GM/(Rc2) (for a star

of gravitational mass M and circumferential radius R)

leads to a higher modulation fraction with all else equal,

so if the energy is deposited in a shallow layer but the

data are analyzed assuming deep heating one would ex-

pect that the inferred radius would be smaller than the

actual radius.

Zhao et al. (2025) found the opposite (that the inferred

radii would be too large if the beaming pattern of emis-

sion is broader than assumed in analyses), but given that

in their synthetic data they used (a) 60× as many spot

counts as in the PSR J0740+6620 data, with no back-

ground, (b) 3× the spot effective temperature that was

inferred for PSR J0740+6620, and (c) a restricted spot

distribution (two identical antipodal spots; NICER pul-

sars do not have antipodal spots) it is not clear that this

result is applicable to the stars studied using NICER.

3.4. Surface Emission Patterns

Our hot spots on the stellar surface are constructed

with either uniform-temperature circular spots or, in a

generalization of that model, uniform-temperature oval

spots. The spots can overlap in an arbitrary way; we

number our spots, and assume that a pixel in more

than one spot emits with the effective temperature of

the lowest-numbered spot that includes the pixel. We

do not expect that real heated regions on neutron stars

come in these simple patterns, but previous work (Lamb

et al. 2009b,a; Lo et al. 2013; Miller & Lamb 2015; Holt

et al. 2025) suggests that even when models deviate from

the true pattern, if there is a statistically good fit then

the inferred radius is not significantly biased. This is

understood to be because the angularly broad emission

from a thermally emitting point on the surface, com-

bined with gravitational light deflection, blur details of

the spot patterns.

3.5. Non-Pulsar NICER counts

In addition to the NICER counts produced by pho-

tons from the spots, there will in general be counts pro-

duced in a number of other ways, including from parti-

cle background, optical loading from the Sun, other X-

ray sources in the field whether resolved or unresolved,

or unassociated X-ray emission from the pulsar system

(such as from a pulsar wind nebula or from intrabi-

nary shocks). What these other counts have in com-

mon is that none of them are expected to be modulated

at a frequency commensurate with the rotational fre-

quency of the pulsar. Our most general and conservative

treatment of these “background” counts in NICER data

therefore assumes that in each NICER pulse invariant

(PI) channel, independently, there is an additional com-

ponent that is independent of rotational phase, and in

our Bayesian analysis we marginalize over that compo-

nent (see Section 3.4 of Miller et al. 2019 for more de-

tails). In some cases we may have reliable information

about one or more components of the background. In

the case of PSR J0437−4715, the 3C50 data selection

procedure discussed in Section 2 also outputs a back-

ground estimate, which we implement as discussed in

Section B.1 of Salmi et al. (2022). There is also an

AGN in the field of view, which we incorporate in our

background estimates.

3.6. The New Component: Modulated Non-thermal

Pulsar Emission

An additional element that must be added in our anal-

ysis of PSR J0437−4715 is the modulated nonthermal

component, discovered in NuSTAR data by Guillot et al.

(2016). Because this component is modulated at the pul-

sar rotational frequency, it cannot be incorporated into

the unmodulated background. For simplicity, Choud-

hury et al. (2024a) did not include this component, but

we show that when it is not included, the bolometric fit

is poor and the inferred radius could be biased. We have

found that a good representation of the modulation is a

Gaussian profile in the rotational phase. We therefore

model the photon number flux from the power law, at

an energy E and rotational phase ψ using the expression

FPL(E,ψ) = NPL(E/1 keV)−αPL
[
1+

APL exp(−(ψ − ψPL)
2/(2(∆ψPL)

2))
]
.

(1)

This model describes the modulated nonthermal com-

ponent using five parameters: the overall normalization

NPL, the power law index αPL, the fractional modula-

tion APL, the rotational phase ψPL of maximum modu-

lation, and the width ∆ψPL of the Gaussian. The priors

for the power law parameters, motivated by the NuS-

TAR observations, are listed in Table 1.

3.7. Statistical Methods

Our overall statistical inference approach is Bayesian:

we explicitly specify the models and their priors, use

Bayes’ Theorem to obtain the posteriors, and marginal-

ize over nuisance parameters (such as background pa-

rameters) to obtain the posteriors for parameters of in-

terest such as the mass and radius. Because the param-

eter space is complex, with 20 to 30 parameters in the
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runs we discuss in Section 5, it is necessary to use so-

phisticated statistical samplers to obtain posteriors. In

the next subsection, we discuss our sampling procedure

in detail. See Section 4 of Miller et al. (2019) for tests

of our sampling with synthetic two-circle and two-oval

data similar to the NICER data on PSR J0030+0451.

3.8. Bayesian Methodology

We take a two-stage approach to evaluating models

for the NICER data on PSR J0437−4715, similar to

our analyses of the J0030+0451 and J0740+6620 data

(Miller et al. 2019, 2021; Dittmann et al. 2024): in the

first stage, we sample each model in a relatively agnostic

manner, exploring the entire prior volume and estimat-

ing the Bayesian evidence for each model; in the sec-

ond stage, we confirm or correct the results of the first

stage using Markov chain Monte Carlo (MCMC) meth-

ods, which are less suited to efficient global exploration

but have more reliable convergence properties. In the

first stage we employed the pocomc sampler (Karama-

nis et al. 2022), which combines sequential Monte Carlo

(see, e.g., Naesseth et al. 2019, for a review) with nor-

malizing flows (e.g., Papamakarios et al. 2021) to achieve

relatively robust and efficient sampling and evidence es-

timation without prior knowledge about which subdo-

mains of the prior volume ought to be sampled. We

follow up the initial pocomc analyses using the emcee

sampler (Foreman-Mackey et al. 2013) to confirm or cor-

rect the inferred posterior distributions before we use

them in EOS inference. We find that the posterior after

resampling with emcee is essentially indistinguishable

from the posterior after a converged pocomc run.

3.8.1. Sequential Monte Carlo Analyses

We begin our analyses using the publicly available

pocomc package,19 which utilizes normalizing flows to

precondition a given target distribution before sampling

it using an adaptive sequential Monte Carlo scheme

(Karamanis et al. 2022). For our purposes, the crucial

benefits of this scheme are that a) it is able to esti-

mate the Bayesian evidence for model comparison, b)

it samples from the entire prior volume without rely-

ing on potentially biasing initialization schemes, and c)

when applied to our NICER inferences it tends to out-

perform many packages that implement variations on

nested sampling, which offer the aforementioned bene-

fits (Skilling 2004). Specifically, the nested sampling al-

gorithm MultiNest (Feroz et al. 2009) has been used ex-

tensively in previous NICER analyses (e.g., Miller et al.

2019; Riley et al. 2019; Miller et al. 2021; Riley et al.

19 https://github.com/minaskar/pocomc

2021; Dittmann et al. 2024; Salmi et al. 2024a; Choud-

hury et al. 2024a). Although MultiNest has a tendency

to produce biased posterior and evidence estimates (see

Buchner 2016; Nelson et al. 2020; Buchner 2023; Lemos

et al. 2023; Dittmann 2024), it has provided useful start-

ing points for more robust MCMC analyses (Miller et al.

2019, 2021; Dittmann et al. 2024). However the ad-

ditional model complexity necessary to describe both

the thermal emission from the surface of PSR J0437-

4715 and the modulated power-law emission, presum-

ably from its magnetosphere, proved too expensive for

the methods used previously.20

Sequential Monte Carlo (e.g., Stewart & Jr. 1992; Gor-

don et al. 1993; Kitagawa 1996; Naesseth et al. 2019)

lies at the heart of pocomc, which is itself a generaliza-

tion of importance sampling. Importance sampling by

itself uses a known importance sampling density (ρ(θ),

where θ represents the parameters) to guide the esti-

mation of an unknown target density p(θ), which can

expedite inference if the importance sampling density

is similar to the target density, but can otherwise de-

grade performance severely: one cannot generally con-

struct a useful importance sampling density a priori.

Sequential Monte Carlo constructs a sequence of sam-

pling and target densities, in this application sampling

first from the prior π(θ) to estimate an annealed pos-

terior pi(θ) ∝ π(θ)L(θ)βi , where L(θ) is the likelihood,

for a sequence of βi ranging from 0 and 1, sampling

from the prior to the posterior. By gradually adjusting

βi, the importance sampling density at each stage can

be smoothly adapted so that the next stage functions

properly. For this additional effort, one gains an esti-

mate of the Bayesian evidence and the ability to sample

efficiently from the posterior once the corresponding im-

portance sampling density has been determined, while

avoiding any need to make assumptions at the outset

about which subsets of the prior to sample.

MCMC methods can struggle with correlated or

skewed target distributions. This can be ameliorated

by preconditioning, a process by which a complicated

target distribution is transformed to a distribution that

is simpler and more amenable to sampling. pocomc uses

normalizing flows (e.g., Papamakarios et al. 2021) to ac-

complish this task, which are generative models that,

20 Notably, MultiNest is based on rejection sampling, so the cost
of analyses grows exponentially with the number of model pa-
rameters. Algorithms based on Monte Carlo techniques have
better (polynomial) asymptotic scaling. Nested sampling pack-
ages that can employ slice sampling, which has better scal-
ing, include PolyChord (Handley et al. 2015), dynesty (Spea-
gle 2020), and UltraNest (Buchner 2021), but we have found
pocomc (Karamanis et al. 2022) better suited to our analyses.

https://github.com/minaskar/pocomc
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over the course of sampling, infer bijective mappings be-

tween a given distribution and a Gaussian distribution.

Preconditioning accelerates the sequential Monte Carlo

algorithm by roughly an order of magnitude when sam-

pling nontrivial target distributions (Karamanis et al.

2022).

While modeling PSR J0437−4715, we found that

pocomc provides significantly more robust results than,

for example, MultiNest analyses of comparable com-

putational cost. Still, given the complicated high-

dimensional likelihood surfaces encountered in our anal-

yses, our pocomc analyses demanded significant conver-

gence testing. The thoroughness of a given pocomc anal-

ysis is controlled by Neffective, the effective number of

weighted particles used to explore parameter space at

each stage of the algorithm. While the default value is

set to Neffective = 29 = 512, we found that values of

Neffective >∼ 217 were necessary to thoroughly sample our

most complicated models, in the sense that doubling the

resolution no longer significantly affected the inferred log

evidence values and the widths of various posterior dis-

tributions. We emphasize, however, that compared to

other (often more expensive) sampling methods, pocomc

can occasionally underestimate posterior widths (e.g.,

Lange 2023; Williams et al. 2025), although not to the

same extent as MultiNest (e.g., Miller et al. 2019; Ih

& Kempton 2021; Miller et al. 2021; Dittmann et al.

2024; Salmi et al. 2024a; Holt et al. 2025; see Hu et al.

2020 for a recent comparison between MultiNest and

UltraNest). Thus, for our models that include the nec-

essary power-law components, we have followed up each

pocomc analysis with additional MCMC sampling to en-

sure the accuracy of our reported posteriors. We now

discuss this procedure in more detail.

3.8.2. Markov Chain Monte Carlo Analyses

Following each of our pocomc analyses, we used the

estimated posterior distributions to draw initial walker

positions for an MCMC analysis using the emcee pack-

age (Foreman-Mackey et al. 2013), employing the affine-

invariant “stretch” proposal of Goodman & Weare

(2010). Because we utilized a proposal distribution that

satisfied detailed balance, the distribution of walkers will

eventually converge to sample from the target distribu-

tion directly. In practice, because the results produced

by pocomc were very nearly converged, we typically ob-

served that the tails of each posterior broadened slightly,

by a few percent, after which we continued drawing sam-

ples to reduce discretization errors in our posterior esti-

mates.

Each analysis used 213 = 8192 walkers, for which we

drew initial positions by resampling a Gaussian kernel

density estimate of the corresponding pocomc posterior

distributions. We judged the convergence of each anal-

ysis by monitoring the 1st, 16th, 50th, 84th, and 99th

percentiles of each distribution and identifying the point

at which each stopped exhibiting secular variations in

time. We terminated each analysis after accruing ∼ 106

(effectively) independent samples for each model.

4. MODELS USED IN OUR ANALYSIS

We employ several models in our analysis of the

NICER data on PSR J0437−4715. Table 1 has a de-

scription of the primary parameters for our most com-

plex model (in terms of number of parameters), which

has three uniform-temperature oval spots as well as a

modulated power law to represent the modulated non-

thermal component. Less complicated models (with two

circular spots, two oval spots, or three circular spots)

have the same priors as the three-oval model for the pa-

rameters they have in common.

In our fits we incorporate information about known

components of the unmodulated NICER background

(see Salmi et al. 2022 for similar use of NICER back-

ground information in the analysis of PSR J0740+6620).

In the case of PSR J0437−4715 this includes not just

the “3C50” NICER instrumental background model of

Remillard et al. (2022), but also counts from the an-

gularly nearby AGN RX J0437.4−4711 (Halpern &

Marshall 1996). For both sources of information, we

produced a smoothed count spectrum using a cubic

spline. We then added to the phase-channel model pro-

duced from the spots a background that was an energy-

independent factor times the nominal background count

spectrum; the priors on the factors are listed in Ta-

ble 1. Because of our assumption that the background

counts are not modulated at a frequency commensurate

with the rotation frequency of PSR J0437−4715, we dis-

tribute these extra counts uniformly in rotational phase.

In addition to these known sources of backgrounds,

we allow for unknown additional sources of background

in the NICER data. As described in more detail in Sec-

tion 3.4 of Miller et al. (2019), we do this independently

in each NICER PI channel, and marginalize over the

added background by fitting a Gaussian to the likelihood

near the peak and performing an analytic integration of

the marginalization integral. Thus in most of our fits

there is a lower limit to the total background counts in

each NICER PI channel based on known backgrounds,

but because we use a Gaussian prior on the 3C50 con-

tribution this is not a hard limit.

In more detail, the models we fit are as follows. In

each case, the emission from all spots uses a fully ion-

ized, nonmagnetic hydrogen atmosphere, and we fit
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Table 1. Primary parameters of the pulse waveform models considered in this work.

Parameter Definition Assumed Prior

c2Re/(GM) Inverse of stellar compactness 3.2− 8.0

M/M⊙ Gravitational mass N (1.418, 0.044)

θc1 (rad) Colatitude of spot 1 center 0 to π

∆θ1 (rad) Spot 1 half-extension 0− 3

kTeff,1 (keV) Spot 1 effective temperature 0.011− 0.5

f1 Spot 1 elongation factor log10 f1 flat from 0 to +1

ψ1 (rad) Spot 1 tilt angle 0− π

∆ϕ2 (cycles) Spot 2 longitude difference 0− 1

θc2 (rad) Colatitude of spot 2 center 0 to π

∆θ2 (rad) Spot 2 half-extension 0− 3

kTeff,2 (keV) Spot 2 effective temperature 0.011− 0.5

f2 Spot 2 elongation factor log10 f2 flat from 0 to +1

ψ2 (rad) Spot 2 tilt angle 0− π

∆ϕ3 (cycles) Spot 3 longitude difference 0− 1

θc3 (rad) Colatitude of spot 3 center 0 to π

∆θ3 (rad) Spot 3 half-extension 0− 3

kTeff,3 (keV) Spot 3 effective temperature 0.011− 0.5

f3 Spot 3 elongation factor log10 f3 flat from 0 to +1

ψ3 (rad) Spot 3 tilt angle 0− π

fback,3C50 Multiplier of 3C50 background spectrum N (1, 0.0461)

fback,AGN Multiplier of AGN background spectrum 0.5− 1.5

NPL (keV−1 cm−2 s−1) Power law normalization log10NPL flat from −7.0 to −2.0

αPL Power law photon index N (1.5, 0.25)

APL Power law modulation fraction 0− 1

ψPL (cycles) Power law phase 0− 1

∆ψPL (cycles) Power law width 0.01− 0.49

θobs (rad) Observer inclination N (0.74166, 0.000279)

NH (cm−2) Neutral H column density (0− 20)× 1020

d (kpc) Distance N (0.15696, 0.00011)

feff NICER effective area factor N (1, 0.1)

Note—These are the parameters and priors for our most complex model (Model 6). This model has three uniform-temperature
oval spots with arbitrary overlap, plus a modulated power law with a Gaussian phase profile to take into account the modulated
nonthermal component visible in NuSTAR data on PSR J0437−4715, plus prior information on the NICER background from
the model of Remillard et al. (2022) and from the nearby AGN. Simpler models (e.g., with two oval spots or two or three
circular spots) have the same priors for the parameters they have in common with the three-oval model. Except where noted,
the prior is flat over the given range. N (a, b) means a Gaussian with mean a and standard deviation b.

only to the NICER data rather than performing a joint

NICER−XMM fit. Moreover, in all models but one the

spots can be anywhere on the star, with or without over-

laps. All of our models include background contribu-

tions from the 3C50 model of Remillard et al. (2022) as

well as the angularly nearby AGN. Our six models are

summarized in Table 2 and described in more details

below:

1. Two circular spots with no modulated power law.

2. Three circular spots with no modulated power law.

3. Two circular spots with a modulated power law.

4. Two oval spots with a modulated power law.

5. Three circular spots with a modulated power law.

Model 5 is our featured model.
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Table 2. Description of the pulse waveform models con-
sidered in this work.

Model
number

Spot model Modulated PL? Converged?

1 Two circles No Yes

2 Three circles No Yes

3 Two circles Yes Yes

4 Two ovals Yes Yes

5 Three circles Yes Yes

6 Three ovals Yes No

Note—In every model we incorporate estimates of the
NICER background from the empirical 3C50 model
(Remillard et al. 2022) and the angularly nearby AGN,
and there is no maximum set on the background. More-
over, all models use fully ionized, deep-heating, nonmag-
netic hydrogen for the atmosphere, and in each case we
analyze only the NICER data rather than performing a
joint NICER−XMM analysis. All models assume uniform-
temperature spots. The bold font highlights our featured
model.

6. Three oval spots with a modulated power law.

This model did not converge.

Models 1 – 5 appeared to converge, based on a com-

parison of independent pocomc runs with different val-

ues of the precision parameters. However, at the next

level of complexity (Model 6 with three oval spots with

a modulated power law), we were not able to establish

convergence. For example, at the highest resolution that

we were able to employ in the three-oval run, the max-

imum log likelihood was ∼ 8 less than the maximum

log likelihood for the three-circle run, even though three

circles is a subset of three ovals. We therefore stopped

our model development at the Model 5.

5. RESULTS OF THE ANALYSIS OF THE NICER

PULSE WAVEFORM DATA

5.1. Quality of fits and inferred radii

Table 3 summarizes the qualities of the best fit of

each of the models that we consider, along with the

±1σ range of the inferred radius in each model. We

see that all of the models have phase-channel χ2 prob-

abilities high enough that the fit could be acceptable.

However, we also see that the maximum log likelihood

and log evidence are much worse for the models (1 and

2) that do not have a modulated power law component.

The remaining three models overlap in their ±1σ radius

intervals. Based on the quality of the bolometric fits,

we will use only the three-circle posterior when we dis-

cuss the implications of our results for the equation of

7.5 10.0 12.5 15.0 17.5
Re (km)

3 circle + PL
2 oval + PL
2 circle + PL
Prior

Figure 1. Radius posteriors for each of our three models
with a modulated power law (the vertical axis is linear in
the probability density); from top to bottom in the legend
the model numbers are 5, 4 and 3. The dotted line shows
the prior. There is a large overlap of the posteriors of all
three models, which shows that among the models with a
modulated power law, the posterior is not especially sensitive
to the model chosen.

state of cold, catalyzed matter beyond nuclear satura-

tion density.

Figure 1 compares the radius posteriors for our con-

verged models with a modulated power law, i.e., models

3, 4 and 5. Although the posteriors are not identical,

they have substantial overlap. This demonstrates that,

at least when a modulated power law is included, the

posterior is not sensitive to the details of the spot model.

See the Appendix for the full posteriors for our fit with

three circular spots and a modulated power law (model

number 5).

5.2. Characteristics of the best-fit model with three

circular spots and a modulated power law

In this section we explore the characteristics of the

best fit we obtained to the NICER PSR J0437−4715

data using our featured model, i.e., model number 5,

which has three circular spots plus a modulated power

law with a Gaussian phase profile.

Figure 2 shows the spot distribution in the best fit.

Two of the spots are close to each other and in the same

hemisphere as the observer, albeit with very different

temperatures, whereas the third spot, which has a much

larger solid angle, is in the other hemisphere. This could

be a configuration that approximates one spot with a

spatially asymmetric distribution of temperatures, and

one with a more uniform temperature distribution.

Figure 3 shows the residuals, which we compute using

χ = (data−model)/(model)1/2 (2)
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Table 3. Summary of the results of the analysis using our pulse waveform models. The maximum likelihoods and
evidences in the second and third columns are relative to our featured model, i.e., our model number 5, highlighted
in bold font.

Model number ∆ lnLmax ∆lnZ Phase-channel χ2/dof (prob) Bolometric χ2/dof (prob) ±1σ Req (km)

1 −48.93 −25.31 8359.14/8347 (0.460) 36.13/27 (0.112) 12.11− 13.76

2 −38.69 −36.56 8371.1/8352 (0.427) 47.97/27 (0.008) 10.25− 12.66

3 −8.76 −0.40 8352.72/8349 (0.49) 38.92/27 (0.0644) 13.60− 15.96

4 −8.15 −1.48 8350.76/8345 (0.48) 39.64/27 (0.055) 13.94− 16.10

5 0 0 8335.00/8345 (0.53) 33.39/27 (0.18) 11.82 – 15.14

Note—The effective number of parameters which affect the bolometric light curve is much smaller than the total
number of parameters, and is mostly independent of the model; here we estimate that there are effectively 5
parameters that affect the bolometric light curve.

Figure 2. Spot locations, sizes, and temperatures for the
best-fit of our featured model with three uniform-tempera-
ture circular spots plus a modulated power law, i.e., model
number 5. The smallest spot has an effective tempera-
ture, as measured by a comoving observer on the surface,
of 0.17 keV; the middle-sized spot has an effective tempera-
ture of 0.031 keV; and the largest spot has an effective tem-
perature of 0.11 keV. The solid black circle indicates the
colatitude of the observer, 0.742 radians, which is strongly
constrained by radio observations. See the Appendix for the
full set of parameter values for this best fit. Bearing in mind
that the temperature distribution is surely not actually uni-
form circles, this could be an indication that the two spots in
the hemisphere of the observer represent a single spot with
a range of temperatures.

for the best fit and the data for each NICER PI chan-

nel (vertical axis) and the rotational phase (horizontal

axis). No patterns are visible, and no individual phase-

channel bin has a significantly larger |χ| than would be
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Figure 3. Phase-channel residuals for the best fit to the
data of our model with three uniform-temperature circular
spots plus a modulated power law, over the full set of 32
uniformly-spaced rotational phases and NICER PI channels
30–299 inclusive. Here, for a phase-channel bin i, if the data
have di counts and the model predicts mi counts, we define
χ ≡ (mi − di)/

√
mi. In addition to the fit having an overall

acceptable χ2/dof = 8335.00/8345 (for which the probabil-
ity of this χ2 or higher for a correct model is 53%), there
are no patterns visible and no individual phase-channel bins
with an unexpectedly large |χ|. This is a one-way test: our
satisfactory fit does not guarantee that the model is correct,
but a very low probability would indicate that we would need
to look more closely at our model.

expected with this number of bins. This, in addition to

the overall χ2/dof = 8335/8345 (probability 0.53 if the

model is correct), shows that this test does not raise any

concerns.

Figure 4 shows the bolometric best-fit model and data

(upper panel) and residuals (again using Equation 2),

as a function of rotational phase. As with the phase-

channel χ, in addition to the fit being formally accept-

able (χ2/dof = 33.39/27, which has a probability of 0.18
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Figure 4. (top panel) Comparison between the bolomet-
ric data (histogram) and the best model with three unifor-
m-temperature circular spots plus a modulated power law
(red line). (bottom panel) Residuals between the data and
the best model. Here we plot two full rotational cycles, with
32 uniformly-distributed rotational phases per cycle. In ad-
dition to the overall adequate bolometric χ2/dof = 33.39/27
(18% probability if the model is correct), we see no strong
outliers and no obvious patterns in the residuals. As with the
phase-channel χ, this is a one-way test, which might detect a
strong deviation between the model and the data but cannot
guarantee the model’s correctness if it passes the test.

if the model is correct), there are no evident patterns

or strong outliers and thus this test does not suggest

any problems with the fit. The bolometric and phase-

channel comparisons between the best fit and the data

yield one-way tests: if the fit were poor we would need to

examine the models closely, but the fact that the fits are

acceptable does not guarantee that the model is correct.

Figure 5 shows the mass-radius posterior for our fit us-

ing three circular spots plus a modulated power law, i.e.,

our model 5. The dotted curve on the one-dimensional

mass plot (top left) shows the prior from the radio ob-

servations of Reardon et al. (2024), from which it is clear

that the radio observations provide most of the informa-

tion about the mass. The bottom right panel shows the

one-dimensional radius posterior and demonstrates that

it is bimodal with one mode predominating.

5.3. Comparison with Choudhury et al. (2024)

We now compare these results with the earlier analysis

of NICER observations of PSR J0437−4715 by Choud-

hury et al. (2024a), which analyzed the same data set

that we have analyzed, using the X-PSI code (Riley

et al. 2023), and did not include a modulated power

law component. More specifically, we performed runs

using the ST (single-temperature) + PDT (protruding

double temperature) configuration of Choudhury et al.

(2024a) (first introduced in Riley et al. 2019). ST+PDT
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Figure 5. Mass and radius posteriors, using our best fit to
the data of our model with three uniform-temperature circu-
lar spots plus a modulated power law, i.e., our model number
5. The dotted lines show the priors. The approximate upper
diagonal boundary in the mass-radius plot corresponds to
our c2Re/(GM) = 8 prior upper limit, whereas the approx-
imate lower boundary is set by the likelihood rather than
by our prior c2Re/(GM) = 3.2 lower limit. The mass pos-
terior is single-peaked and is shifted only slightly from the
tight prior given by radio observations, whereas the radius
posterior is bimodal (with a larger mode at higher radii).

is a restricted subset of a full three-circle configuration

in which (a) none of the three spots are allowed to have

angular radii greater than π/2, (b) spot 1 is not allowed

to overlap with spot 2 or spot 3, and (c) spots 2 and 3

must overlap, at least at a point. For this configuration

and with no constraints on the background (labeled ”No

BKG” in Figure 6 of Choudhury et al. 2024a), Choud-

hury et al. (2024a) obtained a ±1σ radius range of 9.81–

10.46 km. This is not the headline model of Choudhury

et al. (2024a), but the handling of the background is

closer to one of our options, and thus this provides a

convenient point of comparison.

The radius range we find for the no-background

ST+PDT configuration with no modulated power law,

using parallel-tempered emcee (see Section 3.5 of Miller

et al. (2021) for methodological details), is 10.16 −
12.21 km at ±1σ, which is much broader than reported

by Choudhury et al. (2024a). In previous parameter es-

timations for other pulsars, such as PSR J0740+6620

(Dittmann et al. 2024; Salmi et al. 2024a), our radius

posteriors have typically been wider than those pro-

duced by X-PSI analyses, which is probably due to dif-

ferences in the statistical sampling in the two methods.
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Our best fit for our version of the ST+PDTmodel has an

acceptable phase-channel χ2/dof = 8375.25/8352 (prob-

ability of 0.427), but the bolometric χ2/dof = 47.97/27

has a probability of only 0.008 and therefore might in-

dicate a poor fit.

A comparison of our results, with and without a mod-

ulated power law, and the results of Choudhury et al.

(2024a) (which do not include a modulated power law)

demonstrates that in addition to being required for a

good bolometric fit the power law component shifts the

posterior to higher radii. Thus if the modulated power

law is not included it risks bias in the radius posterior.

6. IMPLICATIONS FOR THE EOS

6.1. Statistical Method

As in Miller et al. (2019), Miller et al. (2021), and

Dittmann et al. (2024), we base our EOS inference on

the method described in Miller et al. (2020). This is a

fully Bayesian approach in which we begin with a se-

lection of EOSs (three families of which are described

below), which by fiat all have the same prior prob-

ability. The (unnormalized) posterior probability of

each EOS is then updated by calculating the product

of the likelihoods of several data sets: these include

the high masses of PSR J1614−2230 (M = 1.937 ±
0.014 M⊙; Agazie et al. 2023) and PSR J0348+0432

(M = 1.806 ± 0.037 M⊙; Saffer et al. 2025); the tidal

deformability of two double neutron star coalescences

seen in ground-based gravitational-wave detectors (Ab-

bott et al. 2017, 2020); the mass and radius measure-

ments of PSR J0030+0451 (Miller et al. 2019) and

PSR J0740+6620 (Miller et al. 2021); and now our mass

and radius measurement of PSR J0437−4715. At densi-

ties up to half of nuclear saturation (i.e., up to roughly

the crust-core transition density; see Hebeler et al. 2013)

we assume that the QHC19 (Baym et al. 2019) EOS

applies, but because uncertainties at densities this low

do not contribute significantly to uncertainties in the

neutron star mass and radius, other choices of the low-

density EOS give very similar results.

We perform our likelihood calculations for maximum

mass, radius as a function of mass, and tidal deforma-

bility as a function of mass by assuming that the star

is rotating much slower than its maximum possible rate

(typically ∼ 1500–2000 Hz for most EOSs at 1.4 M⊙)
and thus that the Tolman-Oppenheimer-Volkoff equa-

tions (TOV; Tolman 1939; Oppenheimer & Volkoff 1939)

are accurate. They are highly accurate for the 173.7 Hz

rotation rate of PSR J0437−4715, as can be seen in Fig-

ure 13 of Miller et al. (2019), which demonstrates that

the difference between the equatorial radius of a nonro-

tating star and a star rotating at 200 Hz is much smaller

than the measurement uncertainty, for a wide range of

gravitational masses and EOSs.

If we wish to compare a measured mass with the max-

imum stable gravitational mass of a nonrotating star,

then we need only to specify the EOS. In contrast, if

we need to compute the likelihood of a NICER mass-

radius posterior with the expectations from a given EOS,

then we must also assume a probability distribution for

the central density of the star, given that this is the

boundary condition for the TOV and related equations.

Here we follow the convention in Miller et al. (2021),

in which for a given EOS the prior on the central den-

sity is quadratic between the central density ρmin of a

1 M⊙ star and the maximum central density ρmax of a

stable star. That is, if x is distributed uniformly be-

tween 0 and 1, then the central density prior is given

by ρc = ρmin + x2(ρmax − ρmin), except that we skip

densities that yield unstable stars (this can happen for

ρc < ρmax in, for example, EOS with phase transitions,

which are included in our sample). This contrasts with

the linear central density prior chosen in Miller et al.

(2019), but the two density priors lead in practice to

very similar posteriors.

When we compute the likelihood of a NICER mass-

radius posterior, or of a gravitational wave measurement

of the tidal deformability Λ as a function of neutron star

mass, we need to integrate over the central densities. For

each central density we thus need to determine the prob-

ability of the observation given an EOS model. Because

we have discrete samples of posterior points in theM−R
or M − Λ planes, it is necessary to employ a procedure

that uses these discrete samples to estimate a smoothed

probability distribution in two dimensions. As in Miller

et al. (2019) and Miller et al. (2021), we use Gaussian

kernel density estimation for this purpose, but with 0.1

times the standard bandwidth recommended by Silver-
man (1986). See Section 5.1 of Miller et al. (2021) for

additional details.

We also include a constraint of S = 32±2 MeV (Tsang

et al. 2012) on the nuclear symmetry energy S (defined

as the difference in the total energy per nucleon between

matter with an equal density of protons and of neutrons,

and the total energy per nucleon of pure neutron mat-

ter) at nuclear saturation density. Miller et al. (2021)

approximated S as S = ϵ/n −mnc
2 at a number den-

sity n, which is equivalent to assuming that the matter

at nuclear saturation density is pure neutrons. Here we

compute S at saturation density by imposing beta equi-

librium on the matter, including the possible presence

of muons, using the formulae in Section II of Blaschke

et al. (2016). This makes a few percent difference in S

but, as noted in Miller et al. (2021), the inclusion of a
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constraint on S has only a minor effect on the EOS pos-

teriors because it applies at comparatively low densities.

Some studies of the equation of state of high-density

matter apply additional theoretical constraints, based,

e.g., on chiral effective field theory (see Drischler et al.

2021 for a recent review) or perturbative quantum chro-

modynamics (pQCD; see Gorda et al. 2023 for a recent

example, but also see Mroczek 2024; Kumar et al. 2024;

Mroczek et al. 2024). Here we do not include such con-

siderations, so that our samples can be used with differ-

ent assumptions about nuclear physics.

6.2. EOS Models

We follow Dittmann et al. (2024) in using Gaussian

processes to extend our EOS beyond half of nuclear sat-

uration density (although we note that other choices are

possible, such as piecewise polytropes or spectral forms;

see Miller et al. 2019, 2021). Gaussian processes were

introduced in EOS estimates by Landry & Essick (2019)

and developed extensively and mostly by the same au-

thors (e.g., Essick et al. 2020a,b; Landry et al. 2020;

Legred et al. 2021; Essick et al. 2023; Legred et al. 2024;

Finch et al. 2025). See Rasmussen &Williams (2006) for

an overall introduction to Gaussian processes. The basic

idea is that, starting with a fiducial function f0(x) tabu-

lated at particular values x of the independent variable,

one can create variations f(x) = f0 + ∆f(x) on that

function by drawing ∆f(x) from a multivariate Gaus-

sian distribution. In the context of EOS estimation,

following Lindblom (2010) and Landry & Essick (2019),

our independent variable is the log pressure and the de-

pendent variable is

ϕ ≡ ln

(
c2
dϵ

dP
− 1

)
, (3)

which is constructed so that (as is necessary for a full

Gaussian distribution) physically possible values of ϕ

can range from −∞ (corresponding to the boundary of

causality, with a sound speed cs = (dP/dϵ)1/2 = c)

to +∞ (corresponding to the boundary of stability

cs = 0). For consistency with Miller et al. (2021) we

choose as our fiducial function ϕ0 = 5.5− 2.0(log10 P −
32.7) (where the pressure P is in cgs units). This

matches well the EOS listed at the CompOSE website

https://compose.obspm.fr/table/families/3/ but also

drives the sound speed to values approaching the speed

of light at several times nuclear saturation density. More

flexible choices are possible; see for example Essick et al.

(2020a). We also need to choose a kernel which corre-

lates the deviations ∆ϕi, ∆ϕj from ϕ0 at two values xi,

xj of the independent variable x = lnP . That is, if the

deviation from the fiducial value is drawn from

N (0,Σ(∆ϕi,∆ϕj)) , (4)

where N represents a normal distribution, then we

need to choose the covariance matrix Σ. Following

Miller et al. (2021), we assume that we can write

Σ(∆ϕi,∆ϕj) = K(xi, xj) and we choose a “squared ex-

ponential” kernel

K(x, x′) = σ2 exp

(
− (x− x′)2

2ℓ2

)
(5)

with σ = 1 and ℓ = 1. We note finally that the flexibility

of the Gaussian processes framework allows the selection

of EOS with dP/dϵ≪ c2 in finite density intervals (i.e.,

effectively, phase transitions; this is the approach taken

by Essick et al. 2023) or the addition of sharp features

in the dependence of sound speed on density that simu-

late phase transitions and other features (Mroczek et al.

2023, 2024).

6.3. EOS results

Figure 6 summarizes the effect that our measurement

of the mass and radius of PSR J0437−4715 has on our

knowledge of the EOS of high-density matter, using the

Gaussian process framework described in Section 6.2.

In this figure we compare the 5th and 95th percentiles

of the pressure as a function of baryon number den-

sity for the prior (black dotted lines), the prior up-

dated with pre-J0437 measurements (blue dashed line;

see Section 6.1 for a discussion of the data that we in-

clude), and finally the prior additionally updated with

the PSR J0437−4715 measurements of the current pa-

per (red solid lines). We see that the addition of our

PSR J0437−4715 measurement tightens the EOS poste-

rior from n ≈ (1− 3)ns, but only slightly.

Table 4 shows the effect of our updated measure-

ment, as well as the update on the estimated mass of

PSR J0348+0432 (from M = 2.01 ± 0.04 M⊙ in Anto-

niadis et al. 2013 to M = 1.806 ± 0.037 M⊙ in Saffer

et al. 2025), on the estimate of the maximum mass of

a nonrotating neutron star (MTOV) and on the radius

of a fiducial M = 1.4 M⊙ neutron star (Re(1.4 M⊙)).
We see that the effect is small but that both MTOV and

Re(1.4 M⊙) are shifted to slightly smaller values.

For comparison, in Table 4 we also show the effect

on MTOV and Re(1.4 M⊙) if we include the updated

mass M = 2.35 ± 0.11 M⊙ of the black widow pulsar

PSR J0952−0607, from Romani et al. (2025). A nuance

is that because PSR J0952−0607 rotates very rapidly

(707.31 Hz), there is extra rotational support. We follow

Romani et al. (2025) in applying a correction of 0.03M⊙
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Figure 6. Effect of our mass and radius measurement of
PSR J0437−4715 on the EOS of high-density matter, using
the Gaussian process framework described in Section 6.2.
The black dotted lines show the prior on the EOS, the blue
dashed lines show the EOS constraints without our anal-
ysis of the NICER data on PSR J0437−4715 (using the
measurements discussed in Section 6.1), and the red solid
lines show the EOS constraints including our analysis of the
PSR J0437−4715 data. Here we plot the log of the pres-
sure (using different unit systems on the left-hand and on
the right-hand axes) versus the log of the baryonic number
density in units of the saturation density ns = 0.16 fm−3.
For each line type, at a given density the lower curve gives
the 5th percentile of the pressure and the upper curve gives
the 95th percentile of the pressure. We see that the inclu-
sion of the PSR J0437−4715 measurement tightens the EOS
slightly in the n ≈ (1 − 3)ns density range. See the main
text for additional details.

downward when constraining MTOV (based on the rela-

tions presented by Konstantinou & Morsink 2022), so

we effectively use a nonrotating mass of 2.32±0.11 M⊙.
We see that inclusion of this mass would increase the es-

timatedMTOV substantially, but would have little effect

on Re(1.4 M⊙). We also note that Romani et al. (2025)

urge caution in using the masses of black widows, given

possible systematics, but it is clear that if the masses can

be considered reliable then they will provide important

input.

7. CONCLUSIONS

Models of the NICER data on PSR J0437−4715 re-

quire a modulated nonthermal component as well as

somewhat complicated spot configurations for the ther-

mal X-ray emission. This complexity offsets the superb

data from NICER and the excellent radio measurements

from this binary (which provide tight constraints on the

mass, the distance, and the observer inclination) to yield

a relatively unconstraining radius posterior. This pos-

terior is, however, fully consistent with NICER mea-

Table 4. Maximum Mass and Fiducial Radius including
PSR J0437−4715 measurement

Quantity Data set −1σ median +1σ

MTOV(M⊙) Dittmann et al. (2024) 2.08 2.22 2.44

MTOV(M⊙) This work 2.02 2.18 2.42

MTOV(M⊙) PSR J0952−0607 2.28 2.42 2.62

Re(1.4 M⊙)(km) Dittmann et al. (2024) 12.09 12.57 13.06

Re(1.4 M⊙)(km) This work 12.08 12.56 13.03

Re(1.4 M⊙)(km) PSR J0952−0607 12.08 12.52 12.99

Note—Updated −1σ, median, and +1σ points in the pos-
terior distributions of the maximum gravitational mass of
a nonrotating neutron star (MTOV) and the equatorial cir-
cumferential radius of a fiducial nonrotating 1.4 M⊙ neutron
star (Re), compared with those inferred by Dittmann et al.
(2024). In addition to our measurement of PSR J0437−4715
from NICER data, the other update in the “This work” rows
is that we use the mass estimate for PSR J0348+0432 of
M = 1.806 ± 0.037 M⊙ from Saffer et al. (2025), rather than
the older estimate of M = 2.01 ± 0.04 M⊙ from Antoniadis
et al. (2013) that was used in earlier papers. We see that
the combination of these two updates shifts both MTOV and
Re(1.4M⊙) to slightly smaller values. For comparison, we also
indicate the effect on the MTOV and Re(1.4 M⊙) posteriors if
we include the updated mass constraint M = 2.35± 0.11 M⊙
on the black widow pulsar PSR J0952−0607 from Romani
et al. (2025) (see text for details). We see that inclusion of
this mass would increase the estimated MTOV substantially
but would have very little effect on Re(1.4 M⊙).

surements of the pulsar PSR J0030+0451, which has a

similar mass of M ∼ 1.4 M⊙. These measurements,

combined with previous analyses of NICER data, the

constraints on the tidal deformability of the neutron

stars in the gravitational wave event GW170817, and

the high masses inferred for several pulsars, have dra-

matically improved our understanding of cold, catalyzed

matter beyond nuclear saturation density. We antici-

pate that work in progress on data-efficient filtering and

background modeling, together with additional data col-

lection, is likely to result in a future modest but sig-

nificant improvement in NICER’s radius constraint for

PSR J0437−4715.
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APPENDIX

A. BREAKDOWNS OF FITS BY COMPONENTS

Figure 7 compares the log evidence and maximum log

likelihood for our models. This comparison, like Table 3,

demonstrates that, at least for our set of models, a mod-

ulated power law component dramatically improves the

fit.

Figure 8 shows the contribution of each of the fit com-

ponents to the overall best fit, as a function of NICER

PI channel. The upper blue solid line shows the data;

the best-fit model, which is the sum of the components,

is very close to the data. The three spots are represented

by the green dashed line, the red dot-dashed line, and

the blue dotted line. The known background compo-

nents are shown with the red solid line (from the angu-

larly nearby AGN) and the pink solid line (the empirical

background of Remillard et al. 2022). The brown solid

line shows the contribution of the modulated power law,

and the gray dotted line shows the additional unmod-

ulated background that we add as part of the fit (note

that the vertical axis is logarithmic, and that the extra

component has picked up the Poisson fluctuations in the

data). All of the components are important in at least

part of the channel range. Figure 9 shows the same plot

for the best three-circle model with no modulated power

law, where we see that the required extra background is

larger than it was when the modulated power law was

included.

Figure 10 shows the bolometric (top panel) and high-

energy (lower panel) waveform for the data, the full

model, and the model components, after removal of the

known and added unmodulated background contribu-

tions. This leaves the three spots and the modulated

power law. We see that each component contributes;

the modulated power law is most important at higher

energies, but also cannot be neglected in the bolomet-

ric waveform. Figure 11 shows the same comparison,

but for the best three-circle model without a modulated

power law.

B. POSTERIOR DISTRIBUTIONS

Table 5 lists the median, ±1σ, and ±2σ points in the

posterior distributions obtained by fitting our models to

only the NICER data, assuming a fully ionized hydro-

gen atmosphere, and the resulting maximum likelihood

values for each of the parameters in these models. We

display the complete corner plot of the posteriors from

these same analyses in Figure 12.
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Figure 7. Natural log of evidence (top panel) and natural
log of maximum likelihood (bottom panel) for different mod-
els, relative to our featured model (three uniform-tempera-
ture circular spots plus a modulated Gaussian-profile power
law). From the left, these models are numbers 1, 2, 3, 4,
and 5 in our list (see Sec. 4 and Table 2). Models 1 and
2, which do not include a modulated power-law component,
are substantially disfavored compared with the models that
do include this component. Therefore, to allow those mod-
els to fit on the plots, the −10 to 0 portions of both panels
are linear, whereas the portions below −10 are logarithmic
(first horizontal dashed line is 10 below the reference model;
second is 20 below; and so on). We conclude that the mod-
ulated power law component must be included in a viable
model of this source. We also see that, in terms of the ev-
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with a modulated power law) are all comparable with each
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larger maximum log likelihood than the other models.
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use our featured model, which has three uniform-temperature circular hot spots plus a modulated power-law spectrum with a
Gaussian profile in rotational phase. The power-law normalization NPL is in units of 10−5 keV−1 cm−2 s−1.



20 Miller, Dittmann, Holt, et al.

Guedes, V., Radice, D., Chirenti, C., & Yagi, K. 2025, ApJ,

983, 88, doi: 10.3847/1538-4357/adc101

Guillot, S., Kaspi, V. M., Archibald, R. F., et al. 2016,

MNRAS, 463, 2612, doi: 10.1093/mnras/stw2194

Halpern, J. P., & Marshall, H. L. 1996, ApJ, 464, 760,

doi: 10.1086/177361

Handley, W. J., Hobson, M. P., & Lasenby, A. N. 2015,

MNRAS, 450, L61, doi: 10.1093/mnrasl/slv047

Harding, A. K., & Muslimov, A. G. 2002, ApJ, 568, 862,

doi: 10.1086/338985

—. 2011, ApJ, 743, 181, doi: 10.1088/0004-637X/743/2/181

Hebeler, K., Lattimer, J. M., Pethick, C. J., & Schwenk, A.

2013, ApJ, 773, 11, doi: 10.1088/0004-637X/773/1/11

Ho, W. C. G., & Lai, D. 2001, MNRAS, 327, 1081,

doi: 10.1046/j.1365-8711.2001.04801.x

Holt, I. M., Miller, M. C., Dittmann, A. J., & Lamb, F. K.

2025, arXiv e-prints, arXiv:2511.16759,

doi: 10.48550/arXiv.2511.16759

Hu, H., Kramer, M., Wex, N., Champion, D. J., & Kehl,

M. S. 2020, MNRAS, 497, 3118,

doi: 10.1093/mnras/staa2107

Hunter, J. D. 2007, Computing in Science & Engineering, 9,

90, doi: 10.1109/MCSE.2007.55

Ih, J., & Kempton, E. M. R. 2021, AJ, 162, 237,

doi: 10.3847/1538-3881/ac173b

Jakab, Z., & Morsink, S. M. 2025, ApJ, 994, 163,

doi: 10.3847/1538-4357/ae0e54

Karamanis, M., Beutler, F., Peacock, J. A., Nabergoj, D.,

& Seljak, U. 2022, MNRAS, 516, 1644,

doi: 10.1093/mnras/stac2272

Kitagawa, G. 1996, Journal of Computational and

Graphical Statistics, 5, 1.

http://www.jstor.org/stable/1390750

Konstantinou, A., & Morsink, S. M. 2022, ApJ, 934, 139,

doi: 10.3847/1538-4357/ac7b86

Kumar, R., Dexheimer, V., Jahan, J., et al. 2024, Living

Reviews in Relativity, 27, 3,

doi: 10.1007/s41114-024-00049-6

Lamb, F. K., Boutloukos, S., Van Wassenhove, S., et al.

2009a, ApJ, 706, 417, doi: 10.1088/0004-637X/706/1/417

—. 2009b, ApJL, 705, L36,

doi: 10.1088/0004-637X/705/1/L36

Landry, P., & Essick, R. 2019, PhRvD, 99, 084049,

doi: 10.1103/PhysRevD.99.084049

Landry, P., Essick, R., & Chatziioannou, K. 2020, PhRvD,

101, 123007, doi: 10.1103/PhysRevD.101.123007

Lange, J. U. 2023, MNRAS, 525, 3181,

doi: 10.1093/mnras/stad2441

Lawrence, S., Tervala, J. G., Bedaque, P. F., & Miller,

M. C. 2015, ApJ, 808, 186,

doi: 10.1088/0004-637X/808/2/186

Legred, I., Chatziioannou, K., Essick, R., Han, S., &

Landry, P. 2021, PhRvD, 104, 063003,

doi: 10.1103/PhysRevD.104.063003

Legred, I., Sy-Garcia, B. O., Chatziioannou, K., & Essick,

R. 2024, PhRvD, 109, 023020,

doi: 10.1103/PhysRevD.109.023020

Lemos, P., Weaverdyck, N., Rollins, R. P., et al. 2023,

MNRAS, 521, 1184, doi: 10.1093/mnras/stac2786

Li, Z.-X., & Yao, H. 2019, Annual Review of Condensed

Matter Physics, 10, 337,

doi: 10.1146/annurev-conmatphys-033117-054307

Lindblom, L. 2010, PhRvD, 82, 103011,

doi: 10.1103/PhysRevD.82.103011

Lo, K. H., Miller, M. C., Bhattacharyya, S., & Lamb, F. K.

2013, ApJ, 776, 19, doi: 10.1088/0004-637X/776/1/19

Loh, E. Y., J., Gubernatis, J. E., Scalettar, R. T., et al.

1990, PhRvB, 41, 9301, doi: 10.1103/PhysRevB.41.9301

Luo, J., Ransom, S., Demorest, P., et al. 2021, ApJ, 911,

45, doi: 10.3847/1538-4357/abe62f

Margalit, B., & Metzger, B. D. 2017, ApJL, 850, L19,

doi: 10.3847/2041-8213/aa991c

Mauviard, L., Guillot, S., Salmi, T., et al. 2025, arXiv

e-prints, arXiv:2506.14883.

https://arxiv.org/abs/2506.14883

Miller, M. C., Chirenti, C., & Lamb, F. K. 2020, ApJ, 888,

12, doi: 10.3847/1538-4357/ab4ef9

Miller, M. C., & Lamb, F. K. 2015, ApJ, 808, 31,

doi: 10.1088/0004-637X/808/1/31

—. 2016, European Physical Journal A, 52, 63,

doi: 10.1140/epja/i2016-16063-8

Miller, M. C., Lamb, F. K., Dittmann, A. J., et al. 2019,

ApJL, 887, L24, doi: 10.3847/2041-8213/ab50c5

—. 2021, ApJL, 918, L28, doi: 10.3847/2041-8213/ac089b

Morsink, S. M., Leahy, D. A., Cadeau, C., & Braga, J.

2007, ApJ, 663, 1244, doi: 10.1086/518648

Most, E. R., Weih, L. R., Rezzolla, L., & Schaffner-Bielich,

J. 2018, PhRvL, 120, 261103,

doi: 10.1103/PhysRevLett.120.261103

Mroczek, D. 2024, in European Physical Journal Web of

Conferences, Vol. 296, European Physical Journal Web of

Conferences (EDP), 03002,

doi: 10.1051/epjconf/202429603002

Mroczek, D., Coleman Miller, M., Noronha-Hostler, J., &

Yunes, N. 2023, in Journal of Physics Conference Series,

Vol. 2536, Journal of Physics Conference Series (IOP),

012006, doi: 10.1088/1742-6596/2536/1/012006

http://doi.org/10.3847/1538-4357/adc101
http://doi.org/10.1093/mnras/stw2194
http://doi.org/10.1086/177361
http://doi.org/10.1093/mnrasl/slv047
http://doi.org/10.1086/338985
http://doi.org/10.1088/0004-637X/743/2/181
http://doi.org/10.1088/0004-637X/773/1/11
http://doi.org/10.1046/j.1365-8711.2001.04801.x
http://doi.org/10.48550/arXiv.2511.16759
http://doi.org/10.1093/mnras/staa2107
http://doi.org/10.1109/MCSE.2007.55
http://doi.org/10.3847/1538-3881/ac173b
http://doi.org/10.3847/1538-4357/ae0e54
http://doi.org/10.1093/mnras/stac2272
http://www.jstor.org/stable/1390750
http://doi.org/10.3847/1538-4357/ac7b86
http://doi.org/10.1007/s41114-024-00049-6
http://doi.org/10.1088/0004-637X/706/1/417
http://doi.org/10.1088/0004-637X/705/1/L36
http://doi.org/10.1103/PhysRevD.99.084049
http://doi.org/10.1103/PhysRevD.101.123007
http://doi.org/10.1093/mnras/stad2441
http://doi.org/10.1088/0004-637X/808/2/186
http://doi.org/10.1103/PhysRevD.104.063003
http://doi.org/10.1103/PhysRevD.109.023020
http://doi.org/10.1093/mnras/stac2786
http://doi.org/10.1146/annurev-conmatphys-033117-054307
http://doi.org/10.1103/PhysRevD.82.103011
http://doi.org/10.1088/0004-637X/776/1/19
http://doi.org/10.1103/PhysRevB.41.9301
http://doi.org/10.3847/1538-4357/abe62f
http://doi.org/10.3847/2041-8213/aa991c
https://arxiv.org/abs/2506.14883
http://doi.org/10.3847/1538-4357/ab4ef9
http://doi.org/10.1088/0004-637X/808/1/31
http://doi.org/10.1140/epja/i2016-16063-8
http://doi.org/10.3847/2041-8213/ab50c5
http://doi.org/10.3847/2041-8213/ac089b
http://doi.org/10.1086/518648
http://doi.org/10.1103/PhysRevLett.120.261103
http://doi.org/10.1051/epjconf/202429603002
http://doi.org/10.1088/1742-6596/2536/1/012006


The Radius of PSR J0437−4715 21

Mroczek, D., Miller, M. C., Noronha-Hostler, J., & Yunes,

N. 2024, PhRvD, 110, 123009,

doi: 10.1103/PhysRevD.110.123009

Naesseth, C. A., Lindsten, F., & Schön, T. B. 2019, arXiv

e-prints, arXiv:1903.04797,

doi: 10.48550/arXiv.1903.04797

Nasa High Energy Astrophysics Science Archive Research

Center (Heasarc). 2014, HEAsoft: Unified Release of

FTOOLS and XANADU, Astrophysics Source Code

Library, record ascl:1408.004. http://ascl.net/1408.004
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