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dwEEBJ NyyNAGERy CUwANGwEL ERAPUNGF gwIN FgwEC NzPNF@ FRMwxUN NyyNAGERyRGL PEwzRNAGF@ wAz w yBA“AN©NAG
©NygwARF© GgwG CENINAGF EwzRwU FCENwzRAP zHN GB ERAP IRFyBFRGL– cBFG CEBCBFNz ERAPUNG yBA“AN©NAG ©NygwARF©F
CENFH©N GgwG GgNEN RF BAN BE ©BEN FgNCgNEz FwGNUURGNF JgBFN PEwIRGwGRBAwU CNEGHExwGRBAF TNNC GgN ERAPUNG yBA“ANz
EwzRwUUL@ xHG GgN wxFNAyN BO FHyg FgNCgNEzF RA YwFFRAR BxFNEIwGRBAF BO iwGHEA&F ERAPF ywFGF zBHxG HCBA GgBFN ERAPUNG
yBA“AN©NAG ©NygwARF©F– jgN OBUUBJRAP HFNF w FHRGN BO d,xBzL FR©HUwGRBAF GB NKCUBEN wA wUGNEAwGN FyNAwERB@
JgNENxL ERAPUNG FNUO,PEwIRGL zERINF w AwEEBJ NyyNAGERy ERAPUNG RAGB w FNUO,yBA“ARAP FGwGN– jgNFN FR©HUwGRBAF FgBJ
GgwG@ HAzNE w JRzN IwERNGL BO RARGRwU yBAzRGRBAF@ wA NyyNAGERy ERAPUNG&F FNyHUwE CNEGHExwGRBAF BO RGFNUO ywHFNF GgN
NyyNAGERyRGL BO RGF BHGNE NzPN GB PEBJ wG GgN NKCNAFN BO RGF RAANE NzPN– jgRF ywHFNF GgN ERAPUNG&F ABAURANwERGL

CwEw©NGNE D GB PEBJ BINE GR©N HAGRU RG NKyNNzF GgN �p 2 1 GgENFgBUz JgNEN GgN ERAPUNG&F BExRG,wINEwPNz wAPHUwE
©B©NAGH© flHK zHN GB IRFyBFRGL + FNUO,PEwIRGL RF MNEB– jgN wxFNAyN BO wAL ANG EwzRwU wAPHUwE ©B©NAGH© GEwAFONE
GgEBHPg GgN ERAPUNG ©NwAF GgwG GgN ERAPUNG gwF FNGGUNz RAGB w FNUO,yBA“ARAP FGwGN@ R–N-@ RG zBNF ABG FCENwz EwzRwUUL zHN
GB RGF IRFyBFRGL@ wAz FR©HUwGRBAF wUFB FgBJ GgwG FHyg ERAPUNGF gwIN FgwEC NzPNF– dBANGgNUNFF@ IRFyBFRGL FGRUU
yREyHUwERMNF GgN ERAPUNG RA GR©N τN ∼ 0ê” BExRGF ∼0êêê LE@ JgRyg JRUU ywHFN GgN ERAPUNG&F ABAURANwERGL CwEw©NGNE GB
FgERAT xNUBJ GgN �p 2 1 GgENFgBUz wAz wUUBJF EwzRwU FCENwzRAP GB ENFH©N– qRGgNE FgwEC,NzPNz AwEEBJ NyyNAGERy
ERAPUNGF wEN GEwAFRNAG CgNAB©NAw BE NKGNERBE CNEGHExwGRBAF wEN wUFB FHFGwRARAP GgN ERAPUNG&F NyyNAGERyRGL– mN GgNA
FCNyHUwGN wxBHG gBJ FHyg ERAPUNGF ©RPgG yB©N GB xN–
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0- uAGEBMtyGRBA

dwEEBJ NyyNAGERy CUwANGwEL ERAPUNGF gwIN CEBCNEGRNF GgwG wEN
xBGg RAGNENFGRAP wAz ABG JNUU HAzNEFGBBz@ FHyg wF FgwEC NzPNF@
FRMwxUN NyyNAGERyRGL PEwzRNAGF@ wAz w yBA“AN©NAG ©NygwARF©
GgwG BCCBFNF EwzRwU FCENwzRAP zHN GB ERAP IRFyBFRGL– jB zwGN@
ANwEUL wUU BO GgN CENIwRURAP ERAPUNG yBA“AN©NAG ©NygwARF©F
wFFH©N GgwG GgNEN wUFB NKRFGF w CwRE BO HAFNNA FgNCgNEz
FwGNUURGNF GgwG FGEwzzUN GgN ERAPUNG@ wAz GgN FgNCgNEzF& PEwIRGRNF
wUFB GBEDHN GgN ERAPUNG&F NzPNF RA w JwL GgwG TNNCF GgN©
EwzRwUUL yBA“ANz �f– sBUzENRyg % i– jEN©wRAN 0868w@ 0868x@
0870: q– u– YgRwAP % f– sBUzENRyg 1êêê: u– cBFDHNREw %
f– h– qFGEwzw 1êê1(– f– sBUzENRyg NG wU– �0884( FgBJ GgwG w
FRAPUN FgNCgNEz FwGNUURGN ywA CEBIRzN GN©CBEwEL yBA“AN©NAG–
tBJNINE@ GgN UBywU PEwIRGwGRBAwU CNEGHExwGRBAF NKNEGNz xL GgN
FgNCgNEzF BA GgN ANwExL ERAP ©wGNERwU wUFB NKyRGN CEB©RANAG
TRATF �Y– Z– cHEEwL NG wU– 1êê4( wAz FywUUBCRAP �v– m– mNRFF
NG wU– 1êê8( BO GgN ERAP NzPNF@ JgRyg FgBHUz RAIRGN zNGNyGRBA BO
GgN gLCBGgNGRywU FwGNUURGNF– jgwG GgN YwFFRAR FCwyNyEwOG zRz ABG
zNGNyG wAL FgNCgNEzF ANwE iwGHEA&F JNUU,FGHzRNz AwEEBJ
ERAPUNGF ywFGF zBHxG HCBA GgRF ERAPUNG yBA“AN©NAG ©NygwARF©
�f– o– bBAPwENGGR 1ê07(–
dBGN GgBHPg GgwG d– XBEzNERNF NG wU– �0871( FgBJNz GgwG w

IRFyBHF ERAPUNG gwIRAP w FHO“yRNAGUL gRPg NyyNAGERyRGL PEwzRNAG

ywA RA OwyG xN FNUO,yBA“ARAP@ zHN GB w ENINEFwU BO RGF IRFyBHF
wAPHUwE ©B©NAGH© flHK@ JgRyg RA GHEA JBHUz ywHFN GgN ERAPUNG
GB PNG AwEEBJNE BINE GR©N– jgRF FHPPNFGRBA wUFB ©BGRIwGNF GgRF
FGHzL@ JgRyg HFNF GgN NCR.RAG.URGN d,xBzL RAGNPEwGBE GB
RAINFGRPwGN JgNGgNE w IRFyBHF wAz FNUO,PEwIRGwGRAP ERAPUNG
©RPgG NIBUIN RAGB w FNUO,yBA“ARAP FGwGN–
mN wUFB ABGN GgwG kEwAHF gBFGF FNINEwU AwEEBJ NyyNAGERy

ERAPUNGF@ xHG iNyGRBA 3–4 HFNF ENFHUGF OEB© w ENyNAG FGHzL BO GgN
kEwARwA ERAPUNGF �h– s– rENAyg NG wU– 1ê13( GB wEPHN GgwG GgNFN
wEN ABG ywAzRzwGNF OBE GgN FNUO,yBA“AN©NAG ©NygwARF© GgwG RF
yBAFRzNENz gNEN: FNN iNyGRBA 3–4 OBE zNGwRUF–

1- DCR_RAG_kRGN
qCR.RAG.URGN RF w ygRUz BO GgN NCR.RAG d,xBzL RAGNPEwGBE

GgwG JwF HFNz GB FR©HUwGN GgN BHGNE NzPN BO iwGHEA&F X ERAP
JgRUN RG RF FyHUCGNz xL FwGNUURGN CNEGHExwGRBAF �v– c– twgA %
v– d– iCRGwUN 1ê02(– jgN ANJ yBzN RF INEL FR©RUwE GB RGF
CwENAG xHG zROONEF RA GJB FRPAR“ywAG JwLF9 �R( NCR.RAG.URGN RF
JERGGNA RA fLGgBA wAz RF ENyBzNz OBE ©BEN NO“yRNAG NKNyHGRBA@
wAz �RR( NCR.RAG.URGN HFNF w ©BEN ENURwxUN zEROG FGNC GB gwAzUN
HACNEGHExNz ©BGRBA wEBHAz wA BxUwGN CUwANG �zNGwRUNz RA
�CCNAzRK �(– eGgNEJRFN@ NCR.RAG.URGN&F GENwG©NAG BO ERAP FNUO,
PEwIRGL wAz IRFyBFRGL wEN RzNAGRywU GB GgwG HFNz xL GgN CwENAG
yBzN@ wAz FNN v– c– twgA % v– d– iCRGwUN �1ê02( OBE wzzRGRBAwU
zNGwRUF– jgN NCR.RAG.URGN FBHEyN yBzN RF wIwRUwxUN BA sRGtHx@”
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V 1ê14– jgN �HGgBE�F(– fHxURFgNz xL GgN �©NERywA �FGEBAB©RywU iByRNGL–

eERPRAwU yBAGNAG OEB© GgRF JBET ©wL xN HFNz HAzNE GgN GNE©F

BO GgN YENwGRIN YB©©BAF �GGERxHGRBA 3–ê URyNAyN– �AL OHEGgNE

zRFGERxHGRBA BO GgRF JBET ©HFG ©wRAGwRA wGGERxHGRBA GB GgN wHGgBE�F( wAz GgN GRGUN

BO GgN JBET@ SBHEAwU yRGwGRBA wAz Zeu–
”
gGGCF9//PRGgHx–yB©/SBNgwgA/NCR.RAG.URGN
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wAz GgN yBzN&F AH©NERywU DHwURGL RF xNAyg©wETNz RA
�CCNAzRK X@ JgNEN GgN BHGCHGF BO FNINEwU AH©NERywU NKCNER,
©NAGF wEN yB©CwENz wPwRAFG GgNBENGRywU NKCNyGwGRBAF–
YwUyHUwGRBAF xL NCR.RAG.URGN HFN AwGHEwU HARGF JRGg PEwIRGw,

GRBA yBAFGwAG s = 0@ yNAGEwU CER©wEL ©wFF c = 0@ wAz GgN
ERAPUNG&F RAANE NzPN gwF RARGRwU EwzRHF Eê = 0@ wAz FB GgN ERAPUNG
©wFFNF VE wAz EwzRR E DHBGNz xNUBJ wEN RA HARGF BO c wAz Eê–
YBAINEGRAP yBzN BHGCHG OEB© AwGHEwU HARGF GB CgLFRywU HARGF
ENDHRENF ygBBFRAP CgLFRywU IwUHNF OBEc wAz Eê wAz ©HUGRCULRAP
wyyBEzRAPUL@ wAz JgNA GgRF GNKG zBNF FB RG wFFH©NF iwGHEA&F
©wFF c = 4–”7 × 0ê18 P© wAz w ygwEwyGNERFGRy ERAP EwzRHF
Eê = 0–ê × 0ê0ê y©– iR©HUwGRBA GR©N G RF RA HARGF BO SBEx/1π@
JgNEN �<R q EL1nqa .

2 RF GgN BExRG CNERBz wG Eê@ FB JN
©HUGRCUL GR©N G xL SBEx/1π GB yBAINEG OEB© AwGHEwU GB CgLFRywU
HARGF– jgN FR©HUwGNz CwEGRyUNF& ©BGRBAF zHERAP GgN zEROG FGNC wEN
wUFB FNAFRGRIN GB GgN v1 CBEGRBA BO GgN CER©wEL&F ABAFCgNERywU
PEwIRGL yB©CBANAG �FNN �CCNAzRK �(@ wAz wUU FR©HUwGRBAF
wzBCG iwGHEA,URTN IwUHNF BO v1 = ê–ê0 wAz hC = Eê/1@ JgNEN hC
RF GgN CUwANG&F ©NwA EwzRHF–

1-0- iGENwVURANF

uARGRwUUL@ wUU CwEGRyUNF wEN wFFRPANz GB IwERBHF FGENw©URANF
wyEBFF GgN FR©HUwGNz ERAPUNG– � FGENw©URAN RF w yUBFNz NyyNAGERy
CwGg wEBHAz GgN CER©wEL@ wAz Nwyg FGENw©URAN RF CBCHUwGNz xL
dC CwEGRyUNF GgwG wEN RARGRwUUL wFFRPANz w yB©©BA FN©R©wSBE
wKRF w wAz NyyNAGERyRGL N JgRUN zRFGERxHGNz HAROBE©UL RA
UBAPRGHzN– cBFG BO GgN FR©HUwGRBAF zNFyERxNz xNUBJ N©CUBL
BAUL dF = 1 FGENw©URANF@ FB GgwG GgN ©BzNU BHGCHG ywA xN
yB©CwENz wPwRAFG GgNBENGRywU GENwG©NAGF GgwG wUFB GENwG GgN
ERAPUNG wF GJB PEwIRGwGRAP FGENw©URANF �N–P–@ d– XBEzNERNF NG wU–
0872w(– XHG GgN OBUUBJRAP wUFB CNEOBE©F w ONJ gRPgNE,
ENFBUHGRBA FR©HUwGRBAF HFRAP dF = 2−03 FGENw©URANF@ GB
zN©BAFGEwGN GgwG GgN dF = 1 GENwG©NAG RF CNEONyGUL wzNDHwGN
wAz ENCEBzHyNF wUU GgN ENUNIwAG zLAw©RyF– �UU FR©HUwGRBAF HFN
dC = 130 CwEGRyUNF CNE FGENw©URAN@ wAz GgN GBGwU AH©xNE BO
CwEGRyUNF RF dFdC– dBGN GgwG GgN wFFRPA©NAG BO CwEGRyUNF GB w
PRINA FGENw©URAN RF ©NENUL OBE UwxNURAP CHECBFNF xNywHFN
CwEGRyUNF wEN FGRUU OENN GB JwAzNE RA ENFCBAFN GB GgN ERAP&F
RAGNEAwU OBEyNF@ Aw©NUL@ ERAP PEwIRGL wAz IRFyBFRGL– XHG@ wF
v– c– twgA % v– d– iCRGwUN �1ê02( wF JNUU wF GgRF JBET FgBJF@
GgN FR©HUwGNz ERAP FGwLF yBgNENAG wAz gRPgUL BEPwARMNz
GgEBHPgBHG GgN FR©HUwGRBA FHyg GgwG CwEGRyUNF BA GgN Fw©N
FGENw©URAN zB ABG CwFF Nwyg BGgNE UBAPRGHzRAwUUL@ ABE zB GgNL
yEBFF wzSwyNAG FGENw©URANF– XNywHFN GgN FR©HUwGNz ERAPUNG FGwLF
gRPgUL BEPwARMNz@ GgNEN RF AB EwzRwU BE UBAPRGHzRAwU ©RKRAP BO
GgN ERAP CwEGRyUNF@ wAz FR©HUwGNz CwEGRyUNF CENFNEIN ©N©BEL BO
GgNRE FGENw©URAN ©N©xNEFgRC BINE GR©N–
jgN NCR.RAG.URGN yBzN wUFB ©BARGBEF wUU CwEGRyUNF wAz ygNyTF

JgNGgNE wAL gwIN yEBFFNz wzSwyNAG FGENw©URANF– uO GgRF gwCCNAF@
GgN FR©HUwGRBA RF GgNA GNE©RAwGNz FRAyN GgN CwEGRyUNF&
FHxFNDHNAG NIBUHGRBA JBHUz AB UBAPNE xN yB©CHGNz ENURwxUL–

1-1- d,xnML cNGgnM

jgN NCR.RAG.URGN d,xBzL RAGNPEwGBE HFNF GgN Fw©N FNyBAz,
BEzNE FL©CUNyGRy zEROG,TRyT FygN©N HFNz xL GgN cqhYkho
d,xBzL wUPBERGg© �v– q– Ygw©xNEF 0888(@ NKyNCG GgwG
NCR.RAG.URGN CwEGRyUNF zB ABG RAGNEwyG JRGg Nwyg BGgNE zRENyGUL–
hwGgNE@ NCR.RAG.URGN CwEGRyUNF wEN BAUL CNEGHExNz xL GgN
wyyNUNEwGRBAF NKNEGNz xL GgN ERAPUNG&F RAzRIRzHwU FGENw©URANF–
jgBFN wyyNUNEwGRBAF wEN FNAFRGRIN GB GgN FGENw©URAN&F ENUwGRIN
FNCwEwGRBAF wAz BERNAGwGRBAF@ JgRyg wEN RAONEENz OEB© GgN

CwEGRyUNF& CBFRGRBAF wAz INUByRGRNF– qCR.RAG.URGN CwEGRyUNF wEN
GgHF GEwyNE CwEGRyUNF GgwG RAzRywGN GgN FGENw©URANF& UBywGRBAF wAz
BERNAGwGRBAF@ JgRyg GgN d,xBzL RAGNPEwGBE HFNF GB yB©CHGN GgN
BExRGwU NIBUHGRBA BO GgBFN GEwyNE CwEGRyUNF zHN GB GgN CNEGHExw,
GRBAF NKNEGNz xL GgBFN FGENw©URANF– jgRF FGENw©URAN wCCEBwyg RF
JRzNUL HFNz RA GgNBENGRywU FGHzRNF BO CUwANGwEL ERAPF
�FNN f– sBUzENRyg % i– jEN©wRAN 0868w: d– XBEzNERNF NG wU–
0872w@ 0874( wF JNUU wF RA d,xBzL FGHzRNF BO ERAPF �v– c– twgA
% v– d– iCRGwUN 1ê02: j– hR©URAPNE NG wU– 1ê0”(– jgN PENwG
xNAN“G BO GgN FGENw©URAN yBAyNCG RA AH©NERywU JBET RF GgwG RG
wUUBJF BAN GB FJROGUL GEwyT GgN PUBxwU NIBUHGRBA BO GgN ERAPUNG&F
FGENw©URANF AH©NERywUUL HFRAP BAUL w ©BzNFG AH©xNEF BO GEwyNE
CwEGRyUNF@ GLCRywUUL dFdC ∼ 4êê–
jgN FR©HUwGRBAF ENCBEGNz gNEN wyyBHAG OBE FGENw©URAN PEwIRGL

wAz ERAPUNG IRFyBFRGL– XNywHFN w ERAPUNG RF AwEEBJ@ wUU CwEGRyUNF
wEN RA yUBFN CEBKR©RGL GB GgN ANwExL CBEGRBAF BO wUU FGENw©URANF@
JgRyg wUUBJF HF GB wCCEBKR©wGN w FGENw©URAN wF wA RA“ARGNUL
UBAP JREN BO ©wGGNE gwIRAP URANwE zNAFRGL λ– YBAFNDHNAGUL@ GgN
PEwIRGL BO Nwyg CNEGHExRAP FGENw©URAN zEwJF w CwEGRyUN GBJwEz
GgwG FGENw©URAN JRGg wyyNUNEwGRBA
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JgNEN Δ RF GgN CwEGRyUN&F zRFGwAyN OEB© GgN FGENw©URAN–
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M; JRGg IMG JgNEN I RF GgN INUByRGL BO GgN FGENw©URAN&F CwEGRyUNF
wUUBJF HF GB ENCUwyN GgN FCwGRwU RAGNPEwU JRGg w GR©NJRFN
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jgN gLzEBzLAw©Ry wCCEBKR©wGRBA RF HFNz gNEN GB wyyBHAG
OBE GgN zRFFRCwGRBA GgwG ByyHEF wF CwEGRyUNF RA wzSwyNAG CwEGRyUN
FGENw©URANF FgNwE CwFG wAz yBUURzN JRGg GgN CNEGHExNz CwEGRyUN@
JRGgBHG gwIRAP GB ©BARGBE RAzRIRzHwU CwEGRyUN-CwEGRyUN yBUUR,
FRBAF– jgN CwEGRyUN&F qHUNERwA wyyNUNEwGRBA zHN GB GgN ERAP
CwEGRyUNF& FgNwE IRFyBFRGL RF
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JgNEN E RF GgN CwEGRyUN&F EwzRwU yBBEzRAwGN wAz σ RF GgN FHEOwyN
zNAFRGL
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JgNEN ΔE RF GgN EwzRwU FNCwEwGRBA xNGJNNA GgN CwEGRyUN wAz GgN
CNEGHExRAP FGENw©URAN �wAz FNN iNyGRBA 1–2–2 BO v– c– twgA %

v– d– iCRGwUN 1ê02 OBE zNGwRUF wxBHG gBJ GgwG RF NIwUHwGNz

AH©NERywUUL(@ wAz �E� RF GgN flHK BO wAPHUwE ©B©NAGH© GgwG RF

GEwAFCBEGNz EwzRwUUL wyEBFF GgN CwEGRyUN&F FGENw©URAN zHN GB RGF

yBUURFRBAF JRGg CwEGRyUNF RA wzSwyNAG FGENw©URANF@ R–N–@
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JgNEN νF RF GgN ERAPUNG&F TRAN©wGRy FgNwE IRFyBFRGL wAz ω = Iθ/E
RF GgN CwEGRyUN&F wAPHUwE INUByRGL ��CCNAzRK � BO v– c– twgA %

v– d– iCRGwUN 1ê02(– jgN wyyNUNEwGRBA �ν@� RF CwEwUUNU GB GgN

CNEGHExNz CwEGRyUN&F FGENw©URAN@ R–N-@ CwEwUUNU GB GgN CwEGRyUN&F
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JgNEN νx RF GgN ERAPUNG&F TRAN©wGRy xHUT IRFyBFRGL@ wAz IE RF GgN
CwEGRyUN&F EwzRwU INUByRGL �v– c– twgA % v– d– iCRGwUN 1ê02(–
uA GgN gLzEBzLAw©Ry wCCEBKR©wGRBA GgNEN RF wUFB GgN

wyyNUNEwGRBA zHN GB ERAPUNG CENFFHEN C GgwG RF zHN GB CwEGRyUN-
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qCR.RAG.URGN GENwGF GgN CwEGRyUN ERAP wF w zRUHGN PwF BO yBUURzRAP

CwEGRyUNF OBE JgRyg GgN 0Z CENFFHEN RF C = y1σ@ JgNEN y RF GgN
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JNEN BExRGRAP iwGHEA wG Eê = 0–ê × 0ê0ê y©@ GgNA GgN FR©HUwGNz
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NDHRIwUNAG GB GgN ©wFF BO w 13 T© EwzRHF RyNxwUU wFFH©RAP w
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rRPtEN 0- qIBUHGRBA BO GgN AB©RAwU ERAPUNG&F FN©R©wSBE wKNF w IF– GR©N G RA HARGF BO GgN ERAPUNG&F IRFyBHF GR©NFywUN τν = 0–2 × 0ê2 BExRGwU CNERBzF– jgRF ERAPUNG RF
yB©CBFNz BO dF = 1 FGENw©URANF@ wAz GgN BHGNE �xUHN( wAz RAANE �PENNA( FGENw©URANF& FN©R©wSBE wKNF wEN CUBGGNz ENUwGRIN GB GgNRE ©NwA w©NwA@ wAz zRFCUwLNz RA HARGF BO
GgN ERAPUNG&F RARGRwU JRzGgΔwê = 0ê−3 RA AwGHEwU HARGF �R–N-@ s = c = Eê = 0(– jgN FR©HUwGNz ERAPUNG gwF GBGwU ©wFF VE = 0ê−0ê@ FgNwE IRFyBFRGL νF = 0ê−02@ wAz RARGRwU
NyyNAGERyRGL N = ê–ê0– iNN iNyGRBA 2–0 GB yBAINEG VE@ w@ wAz νF OEB© AwGHEwU HARGF GB CgLFRywU HARGF–
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FgBJ GgwG RG FgERATF xL w OwyGBE BO wxBHG 4 wF GgN ERAPUNG&F

FN©R©wSBE wKRF JRzGg Δw PEBJF IRw IRFyBHF FCENwzRAP HAGRU RG
FNGGUNF RAGB GgN FNUO,yBA“ARAP FGwGN wG GR©N G ∼ 3êτν– jgRF FB,
ywUUNz AB©RAwU ERAPUNG RF CEBxwxUL FB©NJgwG BINEzNAFN wAz

BINEUL IRFyBHF yB©CwENz GB TABJA CUwANGwEL ERAPUNGF@ xHG GgwG RF

xL zNFRPA FB GgwG GgN FR©HUwGNz ERAPUNG DHRyTUL FNGGUNF RAGB GgN

FNUO,yBA“ARAP FGwGN– iNyGRBA 3–4 wUFB FgBJF gBJ BHGyB©NF IwEL

JgNA w JRzN IwERNGL BO wUGNEAwGN RARGRwU ©wFFNF@ JRzGgF@ wAz

IRFyBFRGRNF wEN wUFB yBAFRzNENz–
rRPHEN 2 FgBJF GgwG GgN BHGNE FGENw©URAN&F NyyNAGERyRGL

RARGRwUUL PEBJF wG GgN NKCNAFN BO GgN RAANE FGENw©URAN&F@ wAz

GgwG RF w yBAFNDHNAyN GgN FNUO,PEwIRGwGRAP ERAPUNG&F FNyHUwE

CNEGHExwGRBAF BO RGFNUO@ JgRyg RF wUFB zN©BAFGEwGNz RA

�CCNAzRK Y– rRPHEN 3 FgBJF GgN ERAPUNG&F NyyNAGERyRGL zROONENAyN
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rRPtEN 4- dB©RAwU ERAPUNG&F FHEOwyN zNAFRGL σ�j( IF– GEHN wAB©wUL j wG FNUNyGNz GR©NF G wAz CUBGGNz RA HARGF BO ERAPUNG&F RARGRwU ©NwA FHEOwyN zNAFRGL σê– dBGN GgwG GgN
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rRPtEN 5- hwzRwU CEB“UNF BO GgN AB©RAwU ERAPUNG&F FHEOwyN zNAFRGL σ�j( wG GR©N G = 0êêτν JgNA GgN ERAPUNG RF FNUO,yBA“ARAP– qwyg FHEOwyN zNAFRGL CEB“UN RF CUBGGNz IF–
EwzRwU zRFGwAyN E ENUwGRIN GB E©Rz@ JgRyg RF GgN ERAPUNG&F ©RzCBRAG wUBAP GEHN wAB©wUL ]< @ JRGg GgBFN EwzRwU zRFGwAyNF E − E©Rz ©NwFHENz RA HARGF BO GgN ERAPUNG&F
“AwU FN©R©wSBE wKRF JRzGg Δw@ wAz FHEOwyN zNAFRGL RF FgBJA RA HARGF BO GgN ERAPUNG&F UBAPRGHzRAwUUL wINEwPNz FHEOwyN zNAFRGL σê– hwzRwU FHEOwyN zNAFRGL CEB“UNF wEN
CUBGGNz wUBAP GgN ERAPUNG&F CNERwCFN �j = ê@ xUHN yHEIN(@ JgRyg RF JgNEN GgN ERAPUNG&F FGENw©URANF wEN ©BFG yBAyNAGEwGNz wAz FHEOwyN zNAFRGL σ RF PENwGNFG zHN GB GgN
ERAPUNG&F NyyNAGERyRGL PEwzRNAG d @ wG GgN CENCNERwCFN DHwzEwGHEN �j = −π/1@ ENz yHEIN(@ CBFGCNERwCFN DHwzEwGHEN �j = π/1@ PENNA yHEIN(@ wAz wG wCBwCFN �|j| = π@
BEwAPN yHEIN( JgNEN FGENw©URANF gwIN GgNRE PENwGNFG FNCwEwGRBA wAz ERAPUNG FHEOwyN zNAFRGL RF UBJNFG– jgRF ERAPUNG&F FHEOwyN zNAFRGL yBAGEwFG xNGJNNA CNERwCFN wAz
wCBwCFN RF wxBHG 03–
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FR©HUwGNz FNUO,yBA“ARAP ERAPUNGF gwIN w CBFRGRIN NyyNAGERyRGL
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GgwG wEy NKNEG NKNEGF BA ERAP ©wGGNE SHFG NKGNERBE zHN GB IRFyBHF

OERyGRBA@ wAz RF GgN EwGN GgwG OERyGRBA GEwAF©RGF wAPHUwE

©B©NAGH© EwzRwUUL wyEBFF GgwG wEy– �Az JgNA �E� RF
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RF GgN IRFyBHF wAPHUwE ©B©NAGH© flHK GgEBHPg w yREyHUwE

FGENw©URAN BO FN©R©wSBE wKRF w GgwG gwF wAPHUwE FCNNz Ω�w(–

dBGN GgwG qDHwGRBA �1ê( RF NDHRIwUNAG GB qDHwGRBA �07( BO

d– XBEzNERNF NG wU– �0871( CEBIRzNz ] d FHyg GgwG p d –
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JgRyg RF GgN GBEDHN GgwG BAN FGENw©URAN NKNEGF BA RGF NKGNERBE

ANRPgxBE zHN GB IRFyBHF OERyGRBA �d– XBEzNERNF NG wU– 0871( JRGg

<G W2J b r� � .
1 xNRAP GgN IRFyBHF wAPHUwE ©B©NAGH©

UH©RABFRGL BO w yREyHUwE FGENw©URAN–
d– XBEzNERNF NG wU– �0871( NKw©RAN wAPHUwE ©B©NAGH©

GEwAFCBEG GgEBHPg w IRFyBHF NyyNAGERy xHG ABAPEwIRGwGRAP
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ERAPUNG@ wAz HFN qDHwGRBAF �1ê( wAz �10( GB FgBJ GgwG GgRF
GEwAFCBEG gwF GgENN ENPR©NF zRFGRAPHRFgNz xL GgN ERAPUNG&F d 9

0– �+d 1 3– jgN ERAPUNG&F IRFyBHF wAPHUwE ©B©NAGH© flHK
� ( =� .E� wG wUU UBAPRGHzNF j– jgN ERAPUNG&F IRFyBHF

wAPHUwE ©B©NAGH© UH©RABFRGL =G .E� @ FB IRFyBHF
OERyGRBA GEwAFCBEGF wAPHUwE ©B©NAGH© EwzRwUUL BHGJwEzF@
wAz GgN RAANE ERAP ©wGGNE NIBUINF GB F©wUUNE BExRGF JgRUN
NKGNERBE ERAP ©wGGNE NIBUINF BHGJwEzF@ wAz GgN ERAPUNG
FCENwzF EwzRwUUL–

1– � �+d2 3 2 �– uA GgRF ENPR©N GgNEN RF w EwAPN BO
UBAPRGHzNF j JgNEN GgN IRFyBHF wAPHUwE ©B©NAGH© flHK
RF ENINEFNz FHyg GgwG � ( +� .E� – jgRF wAPHUwE ©B©NA,
GH© flHK ENINEFwU RF zHN GB GgN ∂ω/∂E GNE© RA
qDHwGRBA �4( ygwAPRAP FRPA ANwE CNERwCFN JgNA
=d .,64: FNN rRPHEN 7– dBANGgNUNFF GE� @ JgRyg RF

CEBCBEGRBAwU GB GgN BExRG,wINEwPN BO � (�E� @ RF CBFRGRIN
wAz GgN ERAPUNG FGRUU FCENwzF EwzRwUUL@ wUxNRG FUBJNE GgwA
JgNA +d .,64–

2– �d 2 �– lRFyBHF wAPHUwE ©B©NAGH© flHK ENINEFwU RF
yB©CUNGN FHyg GgwG G .E� @ IRFyBHF OERyGRBA GEwAFCBEGF
wAPHUwE ©B©NAGH© EwzRwUUL RAJwEzF@ wAz GgN ERAPUNG

FgERATF EwzRwUUL– XHG RO �<d 2 1 .,755@ GgNA
<G .E� wAz GgN ERAPUNG&F EwzRwU NIBUHGRBA yNwFNF@ wAz

GgN IRFyBHF xHG ABAPEwIRGwGRAP ERAPUNG RF FNUO,yBA“ARAP–

dBGN GgBHPg GgwG GgN AB©RAwU ERAPUNG&F NyyNAGERyRGL PEwzRNAG

NKyNNzF GgN �<d 2 1 .,755 GgENFgBUz �zBGGNz ENz URAN RA
rRPHEN 6( JgNA RG FNGGUNF RAGB FNUO,yBA“AN©NAG– jgRF RF zHN GB
GgN ERAPUNG&F FNUO,PEwIRGL@ JgRyg wUFB GEwAFCBEGF w flHK BO
wAPHUwE ©B©NAGH© �J e� EwzRwUUL GgEBHPg GgN ERAPUNG–
rRPHEN 8 FgBJF GgN AB©RAwU ERAPUNG&F IRFyBHF wAPHUwE

©B©NAGH© flHK �E� INEFHF GEHN wAB©wUL ]< wG

FNUNyGNz GR©NF G– qwEUL RA GgN ERAPUNG&F NIBUHGRBA JgNA GR©N
G 0êτν �xUHN@ BEwAPN@ PENNA@ ENz@ CHECUN@ wAz xEBJA yHEINF(@
GgN ERAPUNG RF RA ENPR©N 0 FRAyN +d .,64 wAz � ( =� .E� wG wUU
UBAPRGHzNF– XHG xL GR©N G� 1êτν �CRAT yHEIN(@ GgRF ERAPUNG&F
NyyNAGERyRGL PEwzRNAG NKyNNzF ê–64 wAz wAPHUwE ©B©NAGH© flHK
ENINEFwU � ( +� .E� ByyHEF ANwE CNERwCFN JgNEN |j| ≃ ê@
JgNEN GgN ERAPUNG RF ©BFG BINEzNAFN zHN GB RGF NyyNAGERyRGL
PEwzRNAG: FNN wUFB rRPHEN ”– jgRF ERAPUNG RF ABJ RA ENPR©N 1 wAz
RGF EwzRwU FCENwzRAP RF ENzHyNz xL wAPHUwE ©B©NAGH© flHK
ENINEFwU– �Az xL GR©N G = ”êτν �LNUUBJ yHEIN(@ GgRF ERAPUNG RF
FNN©RAPUL RA ENPR©N 2 FRAyN =d .,755@ FB BAN ©RPgG NKCNyG
GgN ERAPUNG GB FGwEG yBAGEwyGRAP ABJ@ xHG TNNC RA ©RAz GgwG GgN
wxBIN wAwULFRF RPABENF wAL GEwAFCBEG BO wAPHUwE ©B©NAGH© IRw
ERAPUNG FNUO,PEwIRGL– rRPHEN 1 RA OwyG FgBJF GgwG GgRF PEwIRGwGRAP
ERAPUNG&F FCENwzRAP gwz yNwFNz xL GR©N G ≃ 7êτν@ wG JgRyg CBRAG
<d .,77 �rRPHEN 8 LNUUBJ yHEIN(@ wAPHUwE ©B©NAGH© flHK

ENINEFwU RF ANwEUL yB©CUNGN@ wAz GgN ERAPUNG&F GBGwU wAPHUwE
©B©NAGH© UH©RABFRGL < �G G GJ J J e� � RF INEL yUBFN GB MNEB–
rRPHENF 0ê wAz 00 wUFB FgBJ GgwG JgNA GgN ERAPUNG RF FNUO,
yBA“ARAP wG GR©NF G� 7êτν@ RGF F©wUU xHG CBFRGRIN IRFyBHF
wAPHUwE ©B©NAGH© UH©RABFRGL G G.,..5J J b� � � RF yBHAGNE,
xwUwAyNz xL RGF ANPwGRIN PEwIRGwGRBAwU wAPHUwE ©B©NAGH©
UH©RABFRGL G G.,..5J e J b� � � @ FB EwzRwU FCENwzRAP gwF
yNwFNz wAz GgN ERAPUNG RF FNUO,yBA“ARAP–

3-3- sEwIRGwGRnAwU SEwAFCnEG

jgN AB©RAwU ERAPUNG&F IRFyBHF �E� wAz PEwIRGwGRBAwU �J e�
wAPHUwE ©B©NAGH© flHKNF wEN FgBJA rRPHEN 01 wOGNE RG gwF
FNGGUNz RAGB GgN FNUO,yBA“ARAP FGwGN– jgRF “PHEN FgBJF gBJ
IRFyBHF OERyGRBA GNAzF GB GEwAFCBEG wAPHUwE ©B©NAGH© EwzRwUUL
RAJwEzF@ � ( +� .E� @ wG UBAPRGHzNF ANwENE CNERwCFN JgNEN
|j| ∼ ê@ wAz BHGJwEzF wG wUU BGgNE UBAPRGHzNF@ JRGg GgwG flHK
ENINEFwU xNRAP zHN GB GgN ENINEFwU BO GgN ERAPUNG&F wAPHUwE

rRPtEN 7- jgN AB©RAwU ERAPUNG&F wAPHUwE FgNwE ∂ω/∂E RF CUBGGNz IF– GEHN wAB©wUL j wG FNUNyGNz ©B©NAGF RA GR©N: GgRF DHwAGRGL RF ANPwGRIN JgNEN GgN RAANE FGENw©URAN
gwF GgN gRPgNE wAPHUwE FCNNz ω = Iθ/E– mgNA GgN FR©HUwGRBA FGwEGF@ GgN ERAPUNG gwF NyyNAGERyRGL N = ê–ê0 wAz NyyNAGERyRGL PEwzRNAG <d � FB ∂ω/∂E ≃ −2Ω/1E ≃ −0–4
JgNA NIwUHwGNz AwGHEwU HARGF �xUHN yHEIN(– jgN ERAPUNG&F d GgNA PEBJF BINE GR©N �BEwAPN@ PENNA@ wAz ENz yHEINF(@ JgRyg ENINEFNF GgN FRPA BO ∂ω/∂E ANwE CNERwCFN JgNA
=d .,64: gNEN GgN RAANE ERAPUNG&F wAPHUwE FCNNz RF FUBJNE GgwA GgN BHGNE ERAPUNG@ wAz IRFyBHF OERyGRBA ywHFNF wAPHUwE ©B©NAGH© GB RAFGNwz flBJ RAJwEzF wG GgNFN

UBAPRGHzNF– jgN zwFgNz yHEIN RF qDHwGRBA ��00( JRGg �<d 2 0 wAz wFFH©RAP ] 0–
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INUByRGL PEwzRNAG: FNN rRPHEN 7– rRPHEN 01 wUFB FgBJF GgwG GgN

ERAPUNG&F PEwIRGwGRBAwU GEwAFCBEG BO wAPHUwE ©B©NAGH© RF

RAJwEzF wF ERAP ©wGGNE wCCEBwygNF CNERwCFN JgNEN j < ê@

wAz RF BHGJwEzF � ( =� .J e� CBFGCNERwCFN@ JRGg GgwG wFL©,

©NGEL xNRAP zHN GB GgN ERAPUNG&F ANPwGRIN CNERwCFN GJRFG@ ] + �

�rRPHEN 6(– iNN wUFB �CCNAzRK X@ JgRyg zNERINF GgN ERAPUNG&F

PEwIRGwGRBAwU wAPHUwE ©B©NAGH© flHK � (�J e� wF w OHAyGRBA BO

RGF NyyNAGERyRGL PEwzRNAG d –

rRPHEN 02 FgBJF GgN ERAPUNG&F NANEPL flHKNF zHN GB IRFyBFRGL
�xUHN yHEIN( wAz PEwIRGL �BEwAPN( wG FR©HUwGRBA NAz– uAGNPEwGRAP
GgNFN flHKNF wxBHG w FGENw©URAN&F yREyH©ONENAyN wG IwERBHF
GR©NF G GgNA LRNUzF GgN GgN ERAPUNG&F IRFyBHF GA� wAz
PEwIRGwGRBAwU NANEPL UH©RABFRGL GC e� BINE GR©N �FNN rRPHEN 03(@
JgNEN GgN PEwIRGwGRBAwU NANEPL UH©RABFRGL RF yB©CHGNz IRw

� ( � ( � (< <G � � rE ga g a � 11� d � d d� �
0

rRPtEN 8- jgN AB©RAwU ERAPUNG&F IRFyBHF wAPHUwE ©B©NAGH© flHK � (�E� @ qDHwGRBA �1ê(@ RF CUBGGNz RA HARGF BO �J b� � �GgN wAPHUwE ©B©NAGH© flHK RA w yREyHUwE ERAPUNG(

wAz IF– GgN ERAPUNG&F GEHN wAB©wUL ]< wG FNUNyGNz GR©NF G/τν@ JRGg GgN ERAPUNG&F NyyNAGERyRGL PEwzRNAG d wUFB RAzRywGNz–

rRPtEN 0.- dB©RAwU ERAPUNG&F IRFyBHF wAPHUwE ©B©NAGH© UH©RABFRGL GE� �xUHN yHEIN( IF– GR©N G/τν wAz RA HARGF BO w yREyHUwE ERAP&F IRFyBHF wAPHUwE ©B©NAGH©
UH©RABFRGL GJ b� � @ wF JNUU wF GgN ERAPUNG PEwIRGwGRBAwU wAPHUwE ©B©NAGH© UH©RABFRGL GJ e� �BEwAPN yHEIN(–
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JgNEN �
e

0 RF GgN BAN,FRzNz PEwIRGwGRBAwU wyyNUNEwGRBA NKCNER,

NAyNz xL w CwEGRyUN RA FGENw©URAN w– dBGN GgwG NINA GgBHPg �A�

wAz �C e� gwIN INEL zROONENAG FCwGRwU zNCNAzNAyNF �FNN

rRPHEN 02(@ GgN RAflHNAyN BO GgN ERAPUNG&F IRFyBFRGL wAz PEwIRGL

FGRUU yBAFCREN FHyg GgwG GgNRE BExRG,RAGNPEwGNz UH©RABFRGRNF

� (< �G � � ga� � � d� � wEN MNEB BAyN GgN ERAPUNG gwF FNGGUNz

RAGB GgN FNUO,yBA“ARAP FGwGN–
rRPHEN 03 wUFB FgBJF GgwG GgN ERAPUNG&F PEwIRGwGRBAwU NANEPL

UH©RABFRGL RF MNEB wG wUU GR©NF– mgRyg RF GB xN NKCNyGNz FRAyN

GgN FGENw©URANF& PEwIRGwGRAP NUURCFNF BAUL RAGNEwyG IRw GgNRE

rRPtEN 00- rRPHEN 0ê RF ENCUBGGNz GB FgBJ GgwG GgN ERAPUNG&F IRFyBHF wAPHUwE ©B©NAGH© UH©RABFRGL GE� �xUHN yHEIN( wUJwLF FGwLF CBFRGRIN �RAzRywGRAP GgwG GgN IRFyBHF
GEwAFCBEG BO wAPHUwE ©B©NAGH© RF EwzRwUUL BHGJwEzF( wAz RF NINAGHwUUL xwUwAyNz xL GgN ERAPUNG&F ANPwGRIN �R–N-@ RAJwEzF( PEwIRGwGRBAwU wAPHUwE ©B©NAGH© UH©RABFRGL
GJ e� �BEwAPN( wOGNE GR©N G � 7êτν– jgN PENNA yHEIN RF GBGwU wAPHUwE ©B©NAGH© UH©RABFRGL �G GJ J e� � @ JgBFN GR©N,wINEwPN RF MNEB JgNA G � 7êτν– ZwFgNz URANF
wEN = G.,..5 J b� � –

rRPtEN 01- jgN AB©RAwU ERAPUNG&F IRFyBHF wAPHUwE ©B©NAGH© flHK � (�E� �xUHN yHEIN( RF yB©CHGNz IRw qDHwGRBA �4( wAz CUBGGNz RA HARGF BO w yREyHUwE ERAPUNG&F flHK
�J b� � IF– GEHN wAB©wUL j wG GgN FR©HUwGRBA&F NAz GR©N G = 0êêτν@ wF JNUU wF GgN ERAPUNG&F PEwIRGwGRBAwU wAPHUwE ©B©NAGH© flHK � (�J e� �BEwAPN yHEIN( yB©CHGNz IRw
qDHwGRBAF �0( wAz �03(– jgN zwFgNz yHEIN FgBJF GgwG GgN wCCEBKR©wGN PEwIRGwGRBAwU flHK@ qDHwGRBA �X1(@ JgRyg RF zNERINz RA �CCNAzRK X@ wPENNF INEL JNUU JRGg GgN
NKwyG flHK �FBURz yHEIN( GgwG RF zNERINz OEB© GgRF FR©HUwGRBA–

0ê
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FNyHUwE CNEGHExwGRBAF@ wAz FNyHUwE CNEGHExwGRBAF zB ABG JBET
�Z– XEBHJNE % s– c– YUN©NAyN 08”0(@ gNAyN <G .C e� – jgwG
GgRF DHwAGRGL NIwUHwGNF GB MNEB JRGgRA ±4 × 0ê−13 �RA AwGHEwU
HARGF( ywA wUFB xN ENPwEzNz wF wABGgNE GNFG BO GgN NCR.RAG.URGN
RAGNPEwGBE&F AH©NERywU DHwURGL–

3-4- lwERwGRnAF JRGg hRAPUNG mRMGgW cwFFW wAM lRFynFRGL

jB wFFNFF JgNGgNE GgN AB©RAwU ERAPUNG&F NIBUHGRBA RF GLCRywU
BO BGgNE ERAPUNGF gwIRAP wUGNEAwGN IwUHNF BO RARGRwU JRzGg Δw@

GBGwU ©wFF VE@ wAz FgNwE IRFyBFRGL νF@ w FHEINL BO 460 wzzRGRBAwU
ERAPUNG FR©HUwGRBAF RF NKNyHGNz– jgNFN FHEINL ERAPUNGF wEN
FR©RUwE GB GgN AB©RAwU ERAPUNG JRGg dF = 1 FGENw©URANF gwIRAP
dC = 130 CwEGRyUNF CNE FGENw©URAN@ RARGRwU NyyNAGERyRGL N = ê–ê0@
RARGRwU NyyNAGERyRGL PEwzRNAG <d �@ wAz IRFyBFRGRNF νx = νF– XHG
GgN FHEINL ERAPUNGF RAFGNwz gwIN GBGwU ©wFFNF GgwG wEN
PNB©NGERywUUL zRFGERxHGNz xNGJNNA 0ê−03  VE  0ê−8@ FgNwE
IRFyBFRGRNF zRFGERxHGNz xNGJNNA 0ê−04  νF  0ê−00@ wAz RARGRwU
EwzRwU JRzGgF zRFGERxHGNz xNGJNNA 1–4 × 0ê−4  Δw 
1–ê × 0ê−3– iHEINL ENFHUGF wEN FH©©wERMNz RA rRPHEN 04@

rRPtEN 02- jgN xUHN yHEIN RF GgN AB©RAwU ERAPUNG&F IRFyBHF NANEPL flHK � (�A� @ CUBGGNz RA HARGF BO w yREyHUwE ERAPUNG&F IRFyBHF NANEPL flHK �C b� � wAz IF– GgN ERAPUNG&F
GEHN wAB©wUL j wG GgN FR©HUwGRBA&F NAz GR©N G = 0êêτν@ wF JNUU wF GgN ERAPUNG&F PEwIRGwGRBAwU NANEPL flHK � (�C e� –

rRPtEN 03- dB©RAwU ERAPUNG&F IRFyBHF NANEPL UH©RABFRGL GA� �xUHN yHEIN( IF– GR©N G/τν wAz RA HARGF BO w yREyHUwE ERAP&F IRFyBHF NANEPL UH©RABFRGL GC b� � @ wF JNUU wF
GgN ERAPUNG PEwIRGwGRBAwU NANEPL UH©RABFRGL GC e� �BEwAPN yHEIN(–
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JgNEN yREyUNF RAzRywGN GgBFN ERAPUNGF GgwG zB NIBUIN RAGB w FNUO,
yBA“ARAP FGwGN– �UU FR©HUwGRBAF BO FNUO,yBA“ARAP ERAPUNGF wEN
NIBUINz RA GR©N HAGRU 0êτzLA@ JgNEN GgN FB,ywUUNz zLAw©RywU
GR©N τzLA RF GgN ©B©NAG JgNA GgN ERAPUNG&F ABAURANwERGL
CwEw©NGNE D “EFG NKyNNzF ê–”@ FRAyN rRPHEN 6 FHPPNFGF GgwG
0êτzLA RF FHO“yRNAG GR©N GB wFFNFF JgNGgNE GgN ERAPUNG gwF GEHUL
wEERINz wG GgN FNUO,yBA“ARAP FGwGN–
jgN × FR©HUwGRBAF RA rRPHEN 04 GNE©RAwGNz NwEUL JgNA wA

NCR.RAG.URGN CwEGRyUN yEBFFNz w ANRPgxBERAP FGENw©URAN– uA ENwURGL@
FGEBAP CENFFHEN OBEyNF JBHUz gwIN zNINUBCNz wF wzSwyNAG
FGENw©URANF yBAINEPNz wAz NAgwAyNz CwEGRyUN zNAFRGRNF wAz
CwEGRyUN yBUURFRBAF@ JRGg ERAP CwEGRyUNF CBFFRxUL ENxBHAzRAP BOO
GgRF gRPg,zNAFRGL ENPRBA wAz/BE FCUwFgRAP INEGRywUUL@ ABAN BO
JgRyg RF wyyBHAGNz OBE JRGg GgRF INEFRBA BO NCR.RAG.URGN– iB@ GgRF
FHEINL FR©CUL GNE©RAwGNF wUU FHyg FR©HUwGRBAF wAz flwPF GgwG
ByyHE JRGg wA× RA rRPHEN 04– aNNC RA ©RAz GgBHPg GgwG GgRF zBNF
ABG ©NwA GgwG GgBFN CwEGRyHUwE ERAPUNGF JBHUz ABG gwIN NIBUINz
RAGB w FNUO,yBA“ARAP FGwGN– uAFGNwz@ GgN FGENw©URANF RA GgNFN
ERAPUNGF gwIN NIBUINz FB yUBFN GB Nwyg BGgNE GgwG w ©BEN
FBCgRFGRywGNz wAz CBFFRxUL ABAURANwE GENwG©NAG BO CENFFHEN NOONyGF
JBHUz gwIN xNNA ANNzNz RA BEzNE GB wyyHEwGNUL wFFNFF GgNRE OwGNF–
qwyg yREyUN RA rRPHEN 04 ENCENFNAGF w FNUO,yBA“ARAP ERAPUNG

JgBFN ABAURANwERGL CwEw©NGNE FNGGUNF RAGB w IwUHN GgwG RF yUBFN
GB GgN wAGRyRCwGNz IwUHN@ D ≃ ê–8– XHG GgNFN FNUO,yBA“ARAP
ERAPUNGF& “AwU NyyNAGERyRGL PEwzRNAGF d wUFB FNGGUN RAGB w
FCNyGEH© BO IwUHNF@ d. .,8@ JRGg BHGyB©NF RAzRywGNz
xL yREyUN yBUBE RA rRPHEN 049 xUHN OBE w gRPg,NyyNAGERyRGL
PEwzRNAG ERAPUNGF gwIRAP =d .,7@ yLwA OBE F©wUUNE NyyNAGERyRGL

PEwzRNAGF = =d.,02 .,7@ PENNA OBE = =d.,.26 .,02@ wAz
LNUUBJ OBE INEL UBJ NyyNAGERyRGL PEwzRNAGF N' < ê–ê26@ JRGg
GgNFN RAGNEIwUF ygBFNA FB GgwG GgNEN wEN wCCEBKR©wGNUL ”ê
FR©HUwGRBAF RA Nwyg yBUBE xRA– uAFCNyGRBA BO rRPHEN 04 wUFB
FgBJF GgwG ERAPUNGF gwIRAP UBJNE d gwIN UBJNE ©wFFNF wAz
gRPgNE IRFyBFRGRNF GgwA GgN gRPgNE d ERAPUNGF–
rRPHEN 0” FgBJF gBJ NyyNAGERyRGL PEwzRNAG IwERNF BINE GR©N

G/τzLA OBE w Fw©CUN BO FNUO,yBA“ARAP ERAPUNG FR©HUwGRBAF– jgRF
“PHEN wUFB FgBJF GgwG GgN EwAPN BO FR©HUwGNz d BHGyB©NF wUFB
wPENNF JRGg GgN EwAPN BO NyyNAGERyRGL PEwzRNAGF BxFNEINz w©BAP
FNINEwU BO iwGHEA&F ©BEN JNUU,FGHzRNz AwEEBJ NyyNAGERy ERAPUNGF@
Aw©NUL GgN cwKJNUU@ jRGwA@ wAz bwCUwyN ERAPUNGF@ JgBFN d wEN
RAzRywGNz xL GgN xUwyT gBERMBAGwU URANF– rRPHEN 0” wUFB FgBJF
GgNEN RF w CRUNHC BO FR©HUwGNz BHGyB©NF ANwE bwCUwyN&F
NyyNAGERyRGL PEwzRNAG d .,.3@ wF JNUU wF w zNwEGg BO
FR©HUwGRBAF wG FRPAR“ywAGUL UBJNE IwUHNF BO d – mgRyg RAzRywGNF
GgwG GgN tHLPNAF ERAPUNG@ JgBFN d .,.0@ ywAABG xN wyyBHAGNz
OBE xL GgN FNUO,yBA“ARAP ©NygwARF© yBAFRzNENz gNEN–
�UFB TNNC RA ©RAz GgwG rRPHEN 0” RF ABG wA wCCUNF,GB,wCCUNF

yB©CwERFBA BO FR©HUwGNz ERAPUNGF GB BxFNEINz ERAPUNGF@ FRAyN AB
wGGN©CG RF ©wzN gNEN GB ©wGyg GgN BxFNEINz ERAPUNG&F
FN©R©wSBE wKRF JRzGg Δw GB GgN FR©HUwGNz ERAPUNG&F “AwU Δw–
hwGgNE@ rRPHEN 0”&F ©wRA CBRAG RF GgwG ©wAL BO GgN BxFNEINz
AwEEBJ NyyNAGERy ERAPUNGF GgwG gwIN d .,.3 wEN yBAFRFGNAG
JRGg GgRF ©BzNU BO w IRFyBHF FNUO,PEwIRGwGRAP ERAPUNG GgwG RF wUFB

FNUO,yBA“ARAP– rRAwUUL@ ENywUU GgwG ]< �p d
� �

@ JgRyg GNUUF
HF GgwG UBJNE NyyNAGERyRGL PEwzRNAG ERAPUNGF gwIN w UwEPNE
CNERwCFN GJRFG ] –

rRPtEN 04- eHGyB©NF OBE 461 ERAPUNG FR©HUwGRBAF gwIRAP w IwERNGL BO ERAPUNG ©wFFNF VE wAz FgNwE IRFyBFRGRNF νF@ JRGg Nwyg CwANU FgBJRAP ENFHUGF OBE GgBFN ERAPUNGF
gwIRAP GgN Fw©N RARGRwU EwzRwU JRzGgΔw = 1–4 × 0ê−4@ 4 × 0ê−4@ 0 × 0ê−3@ BE 1 × 0ê−3– YREyUNF RAzRywGN GgBFN ERAPUNGF GgwG NIBUIN RAGB GgN FNUO,yBA“ARAP FGwGN@ JgRUN
wA × RAzRywGNF GgBFN FR©HUwGRBAF GgwG GNE©RAwGN NwEUL JgNA wA NCR.RAG.URGN CwEGRyUN yEBFFNz wA wzSwyNAG FGENw©URAN@ wAz d RAzRywGNF GgN AB©RAwU ERAPUNG FR©HUwGRBA– jgN
yBUBE BO Nwyg FNUO,yBA“ARAP ERAPUNG FgBJF JgNGgNE GgN ERAPUNG FNGGUNz RAGB w gRPg,NyyNAGERyRGL PEwzRNAG FGwGN JRGg =d .,7 �xUHN(@ BE F©wUUNE NyyNAGERyRGL PEwzRNAGF

= =d.,02 .,7 �yLwA(@ = =d.,.26 .,02 �PENNA(@ BE N < ê–ê26 �LNUUBJ(– �UU FR©HUwGRBAF wEN NIBUINz OBE GgN PENwGNE BO 0ê zLAw©RywU GR©NFywUNF τzLA BE 0ê IRFyBHF
GR©NFywUNF τν–
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mN wUFB ABGN h– s– rENAyg NG wU–&F �1ê13( FGHzL BO GgN
kEwARwA ERAPUNGF �wxxENIRwGNz gNEN wF r13( JgRyg ENCBEGF
BxFNEINz IwUHNF OBE d wAz ] OBE ARAN ERAPUNGF: FNN DHwAGRGRNF

<p d
dh

wAz ]] <p
h

OBE GgN V = 0 EBJF RA jwxUN 03 BO r13–
dNwEUL wUU BO GgN ERAPUNGF ©BARGBENz RA r13 gwIN ABAURANwERGL

CwEw©NGNEF
]

< � +p p p .,55
dh h

1 1 GgwG wEN FRPAR“ywAGUL

F©wUUNE GgwA GgN D ≃ ê–8 wygRNINz xL GgN FNUO,yBA“ARAP
ERAPUNGF FR©HUwGNz gNEN–6 rEB© GgRF@ JN yBAyUHzN GgwG GgN
kEwARwA ERAPUNGF wEN HAURTN GgBFN FR©HUwGNz gNEN–

3-4-0- lwERwGRnAF JRGg hRAPUNG lRFynFRGL

rRPHEN 06 FgBJF GgN CNERwCFN GJRFG ] ] �dW W INEFHF
GR©N OBE FRK ERAPUNGF gwIRAP GgN Fw©N RARGRwU Nê@ Δw@ VE wAz νx
wF GgN AB©RAwU ERAPUNG xHG JRGg zROONERAP FgNwE IRFyBFRGRNF νF@
wAz GgwG CUBG FgBJF GgwG GJRFG ] IwERNF JRGg νF– jgRF RAzRywGNF
GgwG RO GgN GJRFG ] yBHUz xN BxFNEINz RA w FNUO,yBA“ARAP
ERAPUNG@ GgNA GgN ERAPUNG&F IRFyBFRGL yBHUz GgNA xN RAONEENz–

3-4-1- lwERwGRnAF JRGg uARGRwU qyyNAGERyRGL

�zzRGRBAwU FR©HUwGRBAF RUUHFGEwGN gBJ BHGyB©NF zNCNAz
HCBA GgN ERAPUNG&F RARGRwU NyyNAGERyRGL Nê– rRPHEN 07 FgBJF
FNINA FR©HUwGRBAF BO GgN AB©RAwU ERAPUNG GgwG wUU gwIN RzNAGRywU
CgLFRywU CEBCNEGRNF �©wFF VE@ IRFyBFRGL νF@ wAz RARGRwU JRzGg
Δw( xHG zROONERAP RARGRwU Nê EwAPRAP BINE ê  Nê  ê–ê3– jgwG
CUBG FgBJF GgwG gRPgNE,N ERAPUNGF FNGGUN RAGB GgN FNUO,yBA“ARAP
FGwGN FBBANE GgwA GgN UBJNE,N ERAPUNGF– jgRF RF xNywHFN GgN
gRPgNE,N ERAPUNG&F FNyHUwE PEwIRGwGRBAwU CNEGHExwGRBA BO RGFNUO

zERINF RGF NyyNAGERyRGL PEwzRNAG@ wAz gNAyN D@ GBJwEz �p 2 �

OwFGNE GgwA GgN UBJNE,N ERAPUNGF– YBAFNDHNAGUL@ gRPgNE,N ERAPUNGF
GNAz GB xN AwEEBJNE GgwA UBJNE,N ERAPUNGF xNywHFN GgNL JRUU
gwIN gwz UNFF GR©N GB FCENwz xNOBEN FNGGURAP RAGB FNUO,
yBA“AN©NAG– �UFB ABGN GgwG GgN Nê = ê ERAPUNG �xUHN yHEIN(
NKCNERNAyNF MNEB FNyHUwE PEwIRGwGRBAwU CNEGHExwGRBAF@ FB RGF D RF
wUJwLF MNEB wAz RF zNFGRANz GB FCENwz OBENINE–
jgN ANKG FHxFNyGRBA JRUU NKw©RAN GgN EwGN wG JgRyg w FNUO,

yBA“ARAP ERAPUNG&F NyyNAGERyRGL N zNywLF BINE GR©N zHN GB
IRFyBFRGL@ wAz wUU ERAPUNGF FgBJA RA rRPHENF 0-0” gwIN
NyyNAGERyRGRNF N GgwG zNywL wG GgN NKCNyGNz EwGNF–

3-5- qyyNAGERyRGL pwVCRAP

lRFyBHF OERyGRBA JRGgRA GgN ERAPUNG RF w ENFHUG BO zRFFRCwGRIN
yBUURFRBAF w©BAP ERAPUNG CwEGRyUNF– fwEGRyUN yBUURFRBAF PNANEwGN
gNwG GgwG RF EwzRwGNz RAGB FCwyN@ wAz GgN FBHEyN BO GgwG EwzRwGNz
NANEPL RF GgN ERAPUNG&F GBGwU NANEPL qE = −VEsc/1w + qFP@
JgNEN VE RF GgN ERAPUNG&F GBGwU ©wFF@ w RGF FN©R©wSBE wKRF@ wAz
qFP RF GgN ERAPUNG&F NANEPL zHN GB RGF FNUO,PEwIRGL@ JgRyg RF
yBAFGwAG JgNA GgN ERAPUNG RF FNUO,yBA“ARAP– YBUURFRBAF yBAFNEIN
wAPHUwE ©B©NAGH©@ FB GgN ERAPUNG&F GBGwU wAPHUwE ©B©NAGH©

� (<J h ELW d�q q
1 RF yBAFGwAG@ FB MbE/MG = ê R©CURNF

GgwG

� (
cd

cs W

cW

cs

�
12

1

GB UBJNFG BEzNE RA GgN ERAPUNG&F F©wUU NyyNAGERyRGL N–

jgN ERAPUNG&F NANEPL zRFFRCwGRBA EwGN RF �< <C cC csq q

�h ELW W�q
� FB �W C h W� q q

� wAz

� (
cd

cs

C

h W

1
� 13

q

q

1

1 1

rRPtEN 05- qyyNAGERyRGL PEwzRNAG d IF– GR©N G/τzLA OBE w Fw©CUN BO 17 FNUO,yBA“ARAP ERAPUNGF FHyg GgwG GgNRE NyyNAGERyRGL PEwzRNAGF d FCwA GgN EwAPN BO IwUHNF NKgRxRGNz
xL GgN FR©HUwGRBAF ENCBEGNz RA rRPHEN 04– jgN ERAPUNG&F zLAw©RywU GR©NFywUN τzLA RF GgN GR©N GgN JgNA RGF ABAURANwERGL CwEw©NGNE D NKyNNzF ê–”– iw©CUN ERAPUNGF gwIN
RARGRwU 1–4 × 0ê−4 Δw  1–ê × 0ê−3@ 0ê−03  VE  0ê−0ê@ wAz 0ê−03  νF  0ê−00– tBERMBAGwU xUwyT URANF RAzRywGNz GgN BxFNEINz NyyNAGERyRGL PEwzRNAGF NKgRxRGNz
xL GgN cwKJNUU@ jRGwA@ bwCUwyN@ wAz tHLPNAF ERAPUNGF wG iwGHEA �f– Z– dRygBUFBA NG wU– 1ê03@ h– s– rENAyg NG wU– 1ê0”x@ v– d– iCRGwUN % v– c– twgA 1ê0”(– jgN zBGGNz

URAN RF GgN �<d 2 � GgENFgBUz–

6
jgN NKyNCGRBA �r13( RF kEwAHF& β ERAPUNG JgBFN D ≃ 0–1 RF FB UwEPN wF GB

R©CUL GgwG GgRF ERAPUNG RF INEL zRFGHExNz@ RGF FGENw©URANF wEN yEBFFRAP
�N–P–@ d– XBEzNERNF NG wU– 0871(@ wAz GgwG ERAP CwEGRyUNF wEN yEwFgRAP RAGB Nwyg
BGgNE–
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JgNEN sc ≃ w2Ω1 GB UBJNFG BEzNE RA v1– �UFB ABGN GgwG GgN
FHEOwyN wENw BO NANEPL zRFFRCwGRBA JRGgRA w IRFyBHF zRFT RF

� ( � (< q 03r
0

�v– q– fERAPUN 0870(@ JgNEN ω = Iθ/E RF GgN wAPHUwE INUByRGL wAz
�< q RGF EwzRwU PEwzRNAG–

dBJ yBAFRzNE w F©wUU GwAPNAGRwU FNP©NAG JRGgRA GgN ERAPUNG

JgBFN UNAPGg RF M; = EMj@ JgNEN j RF GgN FNP©NAG&F UBAPRGHzN
©NwFHENz OEB© GgN ERAPUNG&F CNERwCFN wAz Mj RF GgN F©wUU

FNP©NAG&F wAPHUwE NKGNAG– jgN FNP©NAG&F wENw RF

M� = ΔEM; = EΔEMj@ JgNEN ΔE RF GgN ERAPUNG&F EwzRwU JRzGg–
jgN EwGN wG JgRyg GgwG CwGyg&F IRFyBFRGL zRFFRCwGNF BExRGwU

NANEPL RF <cC c�q @ FB GgN ERAPUNG&F GBGwU NANEPL zRFFRCwGRBA

rRPtEN 07- iR©HUwGRBAF BO FNINA AB©RAwU ERAPUNGF gwIRAP w IwERNGL BO RARGRwU NyyNAGERyRGRNF ê  Nê  ê–ê3– YHEINF FgBJ Nwyg ERAPUNG&F FN©R©wSBE wKRF JRzGg Δw RA
HARGF BO RGF RARGRwU Δwê IF– GR©N G/τν@ wAz FgBJ GgwG gRPgNE,N ERAPUNGF FNGGUN RAGB FNUO,yBA“AN©NAG FBBANE GgwA GgN UBJNE,N ERAPUNGF–

rRPtEN 06- fNERwCFN GJRFG ] RF CUBGGNz IF– GR©N G/τν OBE FRK ERAPUNGF gwIRAP GgN Fw©N RARGRwU Nê@ Δw@ VE wF GgN AB©RAwU ERAPUNG xHG zROONERAP FgNwE IRFyBFRGRNF νF GgwG
EwAPN BINE ê–4νA  νF  4νA@ JgNEN νA = 0–ê × 0ê−02 RF GgN AB©RAwU ERAPUNG&F FgNwE IRFyBFRGL– jgN GR©N NIBUHGRBA BO GgNFN ERAPUNGF& BGgNE BExRG NUN©NAGF@Δw@ N@ d @ wAz
D@ wEN INEL FR©RUwE GB GgBFN NKgRxRGNz xL GgN AB©RAwU ERAPUNG@ rRPHENF 1-6–
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EwGN RF <C cCq q JgNA RAGNPEwGNz wxBHG GgN ERAPUNG&F

yREyH©ONENAyN@ wAz FB <C q c0q r
�

2 0
FRAyN GgN

ERAPUNG&F URANwE zNAFRGL λ = σΔE ≃ VE/1πw– iB@ GgN GBGwU
NANEPL UBFF EwGN zHN GB ERAPUNG IRFyBFRGL xNyB©NF

� ( � (C H d h
6

3
�4q q r

�

JgNA qDHwGRBA ��00( RF HFNz GB ENCUwyN @ wAz GgN RAGNPEwU

� ( � (<H d

d

d
c

0 0 bnr

0 bnr
, 16

.

3

2

1

dBGN GgwG � (H d RF BO BEzNE HARGL NKyNCG JgNA d RF INEL yUBFN GB

0@ wAz AH©NERywU NIwUHwGRBA FgBJF GgwG � (H d .,778

JgNA �<d 2 �–
uAFNEGRAP qDHwGRBA �1”( RAGB �13( GgNA LRNUzF GgN EwGN wG

JgRyg N1 RF zw©CNz@

� (<

cd

cs

H

W

8

1
� 17

r
1

1

JgRyg RF NwFRUL RAGNPEwGNz GB BxGwRA

� ( � (<d s d
s

0 � 18
d

.

JgNEN Nê RF GgN ERAPUNG&F RARGRwU NyyNAGERyRGL wAz

� (<

W d

H

0

3
2�d

r

0
�

0

RF GgN ERAPUNG&F NyyNAGERyRGL zw©CRAP GR©NFywUN– jgNFN NKCNyGw,

GRBAF wEN wUFB yBA“E©Nz RA rRPHEN 08@ JgRyg CUBGF N�G(/Nê
INEFHF GR©N G/τN OBE GgN Fw©CUN BO 17 FR©HUwGRBAF FgBJA RA
rRPHEN 0”@ JRGg GgN zwFgNz yHEIN RAzRywGRAP GgN GgNBENGRywU

CENzRyGRBAF BO qDHwGRBAF �18( wAz �2ê(– jgwG wUU FR©HUwGNz

yHEINF gwIN FUBCNF FR©RUwE GB GgN zwFgNz URAN GNUUF HF GgwG

qDHwGRBAF �18( wAz �2ê( wEN PBBz RAzRywGBEF BO BHGyB©NF

wyEBFF w JRzN IwERNGL BO ERAPUNG CwEw©NGNEF–
iB IRFyBFRGL yREyHUwERMNF GgN ERAPUNG RA GR©N τN@ zHERAP JgRyg

GR©N GgN ERAPUNG&F FN©R©wSBE wKRF JRUU gwIN FgEHAT xL
< <W W d Wd �

0 xL qDHwGRBAF �12( wAz �17(@ FB GgN ERAPUNG&F
OEwyGRBAwU zEROG RAJwEzF zHN GB IRFyBHF zw©CRAP RF

� (<

W

W
d � 20.

1

JgRyg RF F©wUU– �Az wOGNE GgN ERAPUNG&F RAANE NzPN zw©CF GB

MNEB@ RGF NyyNAGERyRGL PEwzRNAG d JRUU GgNA FgERAT BINE GR©N@

wAPHUwE ©B©NAGH© flHK ENINEFwU JRUU zR©RARFg@ wAz GgN

ERAPUNG&F IRFyBHF FCENwzRAP JRUU ENFH©N– iB FNUO,yBA“AN©NAG

BO AwEEBJ NyyNAGERy ERAPUNGF RF BAUL GN©CBEwEL wOGNE wUU@ HAGRU

GR©N τN gwF NUwCFNz@ JgRyg RF τN/1π ∼ 0–” × 0ê” BExRGF OBE GgN
AB©RAwU ©BzNU yBAFRzNENz gNEN@ JgRyg RF BAUL ∼0ê2 LE OBE w
ERAPUNG BExRGRAP wG w ∼ 0ê0ê y© wxBHG iwGHEA– hNywUU OEB©

iNyGRBA 2–0 GgwG GgN IRFyBHF URONGR©N BO w ABA,FNUO,yBA“ARAP

AB©RAwU ERAPUNG RF BAUL τν/1π ∼ 4êê BExRGF@ FB FNUO,

yBA“AN©NAG NIRzNAGUL NKGNAzF GgN URONGR©N BO w AwEEBJ

NyyNAGERy ERAPUNG xL wA wzzRGRBAwU OwyGBE BO ∼2êêê– XHG FNUO,
yBA“AN©NAG zBNF ABG FBUIN GgN ERAPUNG&F URONGR©N CEBxUN©

xNywHFN FNUO,yBA“AN©NAG RF HUGR©wGNUL zNONwGNz xL IRFyBHF

zw©CRAP BO GgN ERAPUNG&F NyyNAGERyRGL–

3-6- dtVxNE ne iGENwVURANF dF

mgNA GgN FR©HUwGNz ERAPUNG RF yB©CBFNz BO dF = 1
FGENw©URANF@ GgN ERAPUNG&F NIBUHGRBA RF UwEPNUL wAwULGRy
�FNN d– XBEzNERNF NG wU– 0871@ 0872w(@ wAz GgN wAwULGRy
CENzRyGRBAF CEBIRzN NKyNUUNAG xNAyg©wET GNFGF OBE GgN NCR.RA,
G.URGN RAGNPEwGBE– jgRF FHxFNyGRBA wFFNFFNF JgNGgNE GgN ENFHUGF
BxGwRANz OBE GgN FR©CUNE dF = 1 ERAPUNG wUFB wCCUL GB ©BEN
ENwURFGRy ERAPUNGF gwIRAP dF > 1–
rRPHENF 1ê wAz 10 ENyB©CHGN GgN AB©RAwU ERAPUNG&F NIBUHGRBA

OBE ERAPUNGF gwIRAP w EwAPN BO FGENw©URANF@ 1  dF  03@ wUU BO

rRPtEN 08- fUBG BO N�G(/Nê IF– GR©N G/τN OBE GgN Fw©CUN BO 17 FR©HUwGRBAF FgBJA RA rRPHEN 0”@ JgRUN GgN zwFgNz yHEIN RF GgN NKCNyGNz xNgwIRBE@ qDHwGRBA �18(– jgRF
Fw©CUN BO FR©HUwGRBAF gwIN τN EwAPRAP BINE 1–4 × 0ê”  τN  1–4 × 0ê8–

04

iec �rspnoearhyJT untpAJTl 87”911ê �14CC(@ 1ê14 vHAN 1ê twgA NG wU–



JgRyg gwIN D,NIBUHGRBA INEL FR©RUwE GB GgwG NKgRxRGNz xL GgN

dF = 1 FR©HUwGRBA FNNA RA rRPHEN 6– rRPHEN 1ê CUBGF Nwyg
FGENw©URAN&F NyyNAGERyRGL N INEFHF GgNRE ENUwGRIN FN©R©wSBE wKRF

˜<W W W@ JgRyg FgBJF GgwG wUU FR©HUwGNz ERAPUNG&F gwIN GgN

Fw©N NyyNAGERyRGL PEwzRNAG d ENPwEzUNFF BO GgN AH©xNE BO
FGENw©URANF dF– ZRGGB OBE GgN ERAPUNGF& ENUwGRIN UBAPRGHzNF BO

CNERwCFN@ ] JgNA CUBGGNz INEFHF Δw@ rRPHEN 10@ JgRyg FgBJF
GgwG wUU FR©HUwGNz ERAPUNGF gwIN yB©CwEwxUN PEwzRNAGF RA ] – jgN

BAUL ABGNJBEGgL zROONENAyN FNNA gNEN RF GgwG GgN F©wUUNE dF  2
FR©HUwGRBAF zB ABG ENFBUIN GgN NKGEw CNERwCFN GJRFG GgwG RF FNNA
wG GgN NzPNF BO GgN gRPgNE,ENFBUHGRBA FR©HUwGRBAF– qKyNCG OBE

GgRF BAN zRFGRAyGRBA@ GgN NIBUHGRBA BO GgN dF > 1 ERAPUNGF RF INEL
FR©RUwE GB GgwG NKgRxRGNz xL AB©RAwU ERAPUNG yB©CBFNz BO
dF = 1 FGENw©URANF–

3-6-0- itEewyN pNAFRGRNF wAM igwEC qMPNF

jgN ©wRA FgBEGyB©RAP BO GgN dF = 1 FR©HUwGRBA RF GgwG RG
ENINwUF ABGgRAP wxBHG w ERAPUNG&F CBFFRxUN FgwEC NzPNF@ FRAyN w
GJB,FGENw©URAN ERAPUNG wUJwLF gwF wEGR“yRwUUL FgwEC NzPNF– jB
NKw©RAN GgRF OHEGgNE@ rRPHEN 11 FgBJF GgN EwzRwU FHEOwyN
zNAFRGL CEB“UN wUBAP GgN CNERwCFN zRENyGRBA OBE GgN 1  dF  03

rRPtEN 1.- � FHRGN BO ERAPUNGF RF NIBUINz@ GgNFN ERAPUNGF gwIN GgN Fw©N CEBCNEGRNF wF GgN AB©RAwU ERAPUNG NKyNCG GgNL yBAGwRA IwERNz AH©xNEF BO FGENw©URANF
1  dF  03@ JRGg dF RAzRywGNz xL GgN CUBG UNPNAz– iR©HUwGNz ERAPUNGF& “AwU NyyNAGERyRGRNF N wEN CUBGGNz IF– GgNRE ENUwGRIN FN©R©wSBE wKRF ˜<W W W@ JgNEN W̃ RF GgN
ERAPUNG&F ©NwA FN©R©wSBE wKRF–

rRPtEN 10- iR©HUwGNz ERAPUNGF& “AwU ENUwGRIN UBAPRGHzNF BO CNERwCFN ] ] ˜< wEN CUBGGNz IF– GgNRE ENUwGRIN FN©R©wSBE wKRF ˜<W W W@ JgNEN W̃ RF GgN ERAPUNG&F
©NwA FN©R©wSBE wKNF wAz ˜ RF GgNRE ©NwA UBAPRGHzN BO CNERwCFN@ wAz GgN AH©xNE BO FGENw©URANF dF RF RAzRywGNz RA GgN CUBG UNPNAz–

0”
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ERAPUNGF GgwG JNEN FR©HUwGNz RA iNyGRBA 3–6– jgRF CUBG FgBJF

GgwG wUU BO GgN ERAPUNGF& NzPNF wEN FgwEC wOGNE GgNL wEERIN RA GgN

FNUO,yBA“ARAP FGwGN@ ENPwEzUNFF BO dF– mgNA FNUO,yBA“ARAP@

Nwyg FGENw©URAN RF wCCEBKR©wGNUL NDHRzRFGwAG �JRGgRA 14;(

OEB© GgNRE ANRPgxBEF@ JgRyg ywHFNF ERAPUNG FHEOwyN zNAFRGL σ GB
EN©wRA yBAFGwAG �JRGgRA 14;( RA GgN ERAPUNG&F RAGNERBE@ JgRyg

GgNA CUH©©NGF GB MNEB xNLBAz GgN ERAPUNG&F xBHAzwERNF– ZRGGB

OBE GgN FHEOwyN zNAFRGL CEB“UNF FNNA wUBAP GgN ERAPUNGF& wCBwCFN

zRENyGRBA: FNN rRPHEN 12– uA FH©©wEL@ GgN FNUO,yBA“ARAP ERAPUNG

NKw©RANz gNEN gwF w F©BBGg EwzRwU FHEOwyN zNAFRGL CEB“UN GgwG

RF yBAywIN,zBJA@ JRGg FHEOwyN zNAFRGL ©wKR©w wG GgN ERAPUNG&F

yNAGNE@ wAz gwF FgwEC NzPNF–
dBGN GgwG RO w IRFyBHF ERAPUNG JNEN RAFGNwz HAyBA“ANz@ GgNA

RGF CBFRGRIN wAPHUwE ©B©NAGH© flHK JBHUz gwIN ENCNUUNz GgN

NzPN©BFG FGENw©URANF wJwL OEB© GgN RAGNERBE FGENw©URANF@

JgRyg RA GHEA JBHUz gwIN ywHFNz GgN ERAPUNG&F yBAywIN,zBJA

FHEOwyN zNAFRGL CEB“UN GB GwCNE F©BBGgUL GB MNEB wG RGF NzPNF@ wF

RF FNNA RA rRPHEN 0 BO v– q– fERAPUN �0870(– cNwAJgRUN@ GgN

rRPtEN 11- hwzRwU FHEOwyN zNAFRGL CEB“UNF σ�ΔE( BO GgN 1  dF  03 ERAPUNGF BO iNyGRBA 3–6 CUBGGNz wUBAP GgN ERAPUNGF& zRENyGRBA BO CNERwCFN– iHEOwyN zNAFRGL σ RF
FgBJA RA HARGF BO GgN ERAPUNG&F ©NwA FHEOwyN zNAFRGL ˜ @ wAz EwzRwU zRFGwAyN ΔE = E − E©Rz RF ©NwFHENz ENUwGRIN GB ygBEz&F ©RzCBRAG wAz RA HARG BO GgN ERAPUNG&F
FN©R©wSBE wKRF JRzGg Δw = wBHGNE − wRAANE–

rRPtEN 12- hwzRwU FHEOwyN zNAFRGL CEB“UNF σ�ΔE( BO GgN 1  dF  03 FR©HUwGRBAF@ CUBGGNz wUBAP GgN ERAPUNGF& zRENyGRBA BO wCBwCFN– dBGN GgwG GgN ERAPUNGF& wCBwCFN
FHEOwyN zNAFRGRNF wEN wxBHG 02 GR©NF F©wUUNE GgwA GgNRE CNERwCFN σ@ rRPHEN 11@ xNywHFN GgNL wEN wUFB JRzNE xL GgwG w©BHAG–
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BGgNE ERAPUNG ©BzNUF@ GgBFN GgwG ENUL BA HAFNNA FgNCgNEz
FwGNUURGNF GB ©wRAGwRA yBA“AN©NAG@ wUU NKgRxRG F©BBGg FHEOwyN
zNAFRGRNF gwIRAP w IwERNGL BO yBAywIRGRNF@ LNG wUU gwIN FgwEC
NzPNF �f– sBUzENRyg % i– jEN©wRAN 0868w: q– u– YgRwAP %
f– sBUzENRyg 1êêê: u– cBFDHNREw % f– h– qFGEwzw 1êê1(–
uA yB©CwERFBA@ GgN cwKJNUU ERAPUNG&F EwzRwU BCGRywU zNCGg

CEB“UNF ywA xN wCCEBKR©wGNUL zNFyERxNz wF yBAywIN,zBJARFg
JRGg w FCREwU zNAFRGL JwIN ERzRAP BA GBC �f– Z– dRygBUFBA NG wU–
1ê03(– jgN jRGwA ERAPUNG RF BCwDHN@ FB RGF yBAywIRGL RF
HATABJA@ xHG RG zBNF gwIN FgwEC NzPNF �f– Z– dRygBUFBA
NG wU– 1ê03(– jgN tHLPNAF ERAPUNG@ JgRyg gwF w GRAL NyyNAGERyRGL
PEwzRNAG@ RF yBAywIN,HC JRGg FgwEC NzPNF �h– s– rENAyg NG wU–
1ê0”x(@ JgRUN GgN bwCUwyN ERAPUNG RF CBFFRxUL yBAywIN,zBJA
JRGg FgwEC NzPNF wAz UBGF BO RAGNEAwU FGEHyGHEN– jgN ©wRA CBRAG
RF GgwG wUU JNUU,BxFNEINz AwEEBJ NyyNAGERy CUwANGwEL ERAPUNGF
gwIN w EwzRwU BCGRywU zNCGg FGEHyGHEN GgwG RF ©Hyg ©BEN
yB©CURywGNz GgwA RF NKgRxRGNz xL CHxURFgNz ©BzNUF GB zwGN–

4- iNkOmyBA9ARAP hRAPkNG eERPRA iyNAwERB

tNEN@ JN HFN GgN CENyNzRAP ENFHUGF GB FCNyHUwGN wxBHG GgN
BERPRA BO AwEEBJ NyyNAGERy CUwANGwEL ERAPUNGF– uO FHyg ERAPUNGF
wEN GEHUL FNUO,yBA“ARAP@ GgNA GgNL wEN NKGEN©NUL LBHAP@ BAUL

� (L 0��� LE BUz CNE qDHwGRBA �2ê( wAz iNyGRBA 3–”– eHE
CENONEENz UNwFG,FCNyHUwGRIN BERPRA FyNAwERB �JgRyg RF FGRUU DHRGN
FCNyHUwGRIN( CEBCBFNF GgwG GgN ERAPUNG CENyHEFBE JwF BERPRAwUUL
wA NFCNyRwUUL UwEPN ERAP CwEGRyUN GgwG JwF BExRGRAP NUFNJgNEN@
FHyg wF JRGgRA w ANwExL zNAFN CUwANGwEL ERAP@ CENFH©wxUL wF wA
N©xNzzNz ©BBAUNG wTw CEBCNUUNE �c– i– jRFywENAB NG wU– 1ê0ê(–
uO GgwG N©xNzzNz ©BBAUNG gwCCNANz GB OBE© ANwE GgN NzPN BO
GgN zNAFN CUwANGwEL ERAP@ GgNA GgN ©BBAUNG&F ENwyGRBA GB GgN
FgNCgNEzRAP GBEDHN GgwG RG NKNEGF wyEBFF GgN zNAFN ERAP �JgRyg
RF −0× GgN EwzRwU RAGNPEwU BO qDHwGRBA �60( BO f– sBUzENRyg %
i– jEN©wRAN 0871( JBHUz ywHFN GgwG ©BBAUNG GB ©RPEwGN GBJwEz
wAz GgNA xNLBAz GgN ERAP&F NzPN– �Az RO w zNAFN CUwANGwEL ERAP
ywA FCwJA BAN FHyg ©BBAUNG@ RG ywA wUFB FCwJA wzzRGRBAwU
©BBAUNGF– i– YgwEABM NG wU– �1ê0ê( wUFB CEBCBFN GgRF OBE GgN
BERPRA OBE wUU GgN F©wUU FwGNUURGNF BExRGRAP SHFG xNLBAz iwGHEA&F
� ERAP@ R–N–@ �GUwF@ fEB©NGgNHF@ fwAzBEw@ qCR©NGgRHF@ wAz
vwAHF–
� ©BBAUNG&F EwzRwU ©RPEwGRBA EwGN zHN GB GgN ERAP,FgNCgNEz,

RAP GBEDHN wUFB IwERNF JRGg ©BBAUNG ©wFF@ FB w UwEPNE ©BBAUNG
JRUU NINAGHwUUL BINEGwTN w F©wUUNE ©BBAUNG GgwG RF BExRGRAP
xNLBAz RG– uAzNNz@ ywUyHUwGRBAF xL r– fBHUNG % X– iRywEzL
�1êê0( FHPPNFG GgwG FwGNUURGN fEB©NGgNHF N©NEPNz OEB© GgN
BHGNE NzPN BO iwGHEA&F � ERAP ∼0ê6 LE wPB@ wAz GgwG RG JRUU gwIN
w yUBFN NAyBHAGNE JRGg GgN F©wUUNE FwGNUURGN fwAzBEw GgwG RF
yHEENAGUL BExRGRAP SHFG NKGNERBE GB fEB©NGgNHF RA wABGgNE
∼0ê6 LE– cHUGRCUN yUBFN ©BBAUNG-©BBAUNG NAyBHAGNEF JBHUz
GgNA CH©C HC ©BBAUNG NyyNAGERyRGRNF HAGRU GgNL yBUURzN– uO GgwG
yBUURFRBA RF FHO“yRNAGUL IRPBEBHF GB zRFEHCG BAN BE xBGg
©BBAUNGF@ GgNA w AwEEBJ NyyNAGERy CUwANGwEL ERAPUNG yB©CBFNz
BO yBUURFRBAwU zNxERF JBHUz ENFHUG– lRFyBHF CwEGRyUN-CwEGRyUN
yBUURFRBAF JBHUz GgNA ywHFN GgwG LBHAP ERAPUNG GB FCENwz
EwzRwUUL �rRPHEN 1( JgRUN RGF FNUO,PEwIRGL JBHUz CH©C HC RGF
NyyNAGERyRGL PEwzRNAG �rRPHEN 6(@ JgRyg@ RO FHO“yRNAGUL IRPBEBHF@
JBHUz ywHFN RG GB FNGGUN RAGB GgN FNUO,yBA“ARAP FGwGN GgwG RF
FgwEC,NzPNz �rRPHEN 12( URTN ©BFG BxFNEINz AwEEBJ NyyNAGERy
ERAPUNGF– dBANGgNUNFF@ FNUO,yBA“AN©NAG RF GN©CBEwEL wAz UwFGF
BAUL � (L 0��� LE zHN GB GgN ERAPUNG&F IRFyBFRGL zw©CRAP RGF
NyyNAGERyRGL HAGRU RGF RAANE NzPN PNGF yREyHUwERMNz– mgRyg JBHUz

ywHFN GgN ERAPUNG&F D GB zEBC xNUBJ GgN �p 2 1 GgENFgBUz OBE

FNUO,yBA“AN©NAG@ GgN ERAPUNG JBHUz wPwRA FCENwz EwzRwUUL@ wAz
RGF NzPNF JBHUz UBFN GgNRE FgwECANFF–
iB@ RA FH©©wEL@ GgRF CHECBEGNzUL UNwFG,FCNyHUwGRIN ERAPUNG

BERPRA FyNAwERB R©CURNF GgwG zNAFN CUwANGwEL ERAPF wEN
OENDHNAGUL OBE©RAP wAz N©RGGRAP F©wUU N©xNzzNz ©BBAUNGF
GgwG GgNA ©RPEwGN wJwL@ zHN GB GgNRE PEwIRGwGRBAwU FgNCgNEzRAP
BO GgwG ERAP@ GBJwEz wAz GgNA xNLBAz GgN ANwExL ERAP,NzPN
JgNEN GgNL wEN UwGNE zRFEHCGNz wOGNE yBUURzRAP JRGg BGgNE FHyg
©BBAUNGF– jgN ENFHUGRAP zNxERF DHRyTUL FgNwEF BHG RAGB w UBJ,
NyyNAGERyRGL ERAPUNG JgBFN FNUO,PEwIRGL NKyRGNF RGF NyyNAGERyRGL
PEwzRNAG HAGRU RG FNGGUNF GN©CBEwERUL RAGB GgN FNUO,yBA“ARAP FGwGN@
JgRyg RF FgwEC,NzPNz– jgN ANKG FGNC RA wAL wFFNFF©NAG BO GgN
IRwxRURGL BO GgRF UNwFG,FCNyHUwGRIN ERAPUNG BERPRA FyNAwERB JBHUz
ENDHREN wA NFGR©wGN BO GgN IwERBHF GR©NFywUNF GgwG wEN ENUNIwAG
gNEN@ Aw©NUL@ GgN ©BBAUNG&F OBE©wGRBA GR©NFywUN@ GgN ©BBA,
UNG&F ©RPEwGRBA GR©NFywUN@ RGF URONGR©N INEFHF yBUURFRBAwU
zRFEHCGRBA@ wAz GgN ERAPUNG&F FNUO,yBA“AN©NAG URONGR©N@ GB
yBA“E© GgwG ABAN BO GgNFN URONGR©NF wEN FB UBAP wF GB ywFG
zBHxG BA GgRF ERAPUNG BERPRA FyNAwERB– jgRF ©BEN zNGwRUNz
wAwULFRF RF zNONEENz GB w OBUUBJ,HC FGHzL–

5- itVVwEL BO rRAMRAPF

eHE ©wRA “AzRAPF wEN wF OBUUBJF9

0– iR©HUwGRBAF FgBJ GgwG IRFyBHF FNUO,PEwIRGwGRAP AwEEBJ
NyyNAGERy ERAPUNGF gwIRAP w JRzN IwERNGL BO RARGRwU CgLFRywU
CEBCNEGRNF �©wFF@ JRzGg@ wAz IRFyBFRGL( zB NIBUIN RAGB GgN
FNUO,yBA“ARAP FGwGN �rRPHEN 04(–

1– iNUO,PEwIRGL ywHFNF w FNUO,yBA“ARAP ERAPUNG&F ABAURANwERGL
CwEw©NGNE D@ JgRyg RF GgN E©F FH© BO GgN ERAPUNG&F
zR©NAFRBAUNFF NyyNAGERyRGL PEwzRNAG �<d Wcd cW wAz RGF

zR©NAFRBAUNFF CNERwCFN GJRFG ] ] �< dWc cW@ GB PEBJ

BINE GR©N HAGRU RG NKyNNzF GgN �p 2 1 .,755

GgENFgBUz JgNEN GgN ERAPUNG&F BExRG,wINEwPNz wAPHUwE
©B©NAGH© flHK zHN GB ERAPUNG IRFyBFRGL + FNUO,PEwIRGL
ENINEFwU RF MNEB–

2– sEwIRGwGRAP ERAPUNGF GgwG wEN FNUO,yBA“ARAP gwIN F©wUU xHG
CBFRGRIN �R–N-@ EwzRwUUL BHGJwEzF( IRFyBHF wAPHUwE ©B©NA,
GH© UH©RABFRGL GgwG RF yBHAGNExwUwAyNz xL GgNRE ANPwGRIN
PEwIRGwGRBAwU wAPHUwE ©B©NAGH© UH©RABFRGL
�iNyGRBA 3–2(– hRAPUNG FNUO,PEwIRGL RF wUFB GgN ENwFBA OBE
w FNUO,yBA“ARAP ERAPUNG gwIRAP ABAURANwERGL CwEw©NGNE

D ≃ ê–8 GgwG RF FURPgGUL UwEPNE GgwA GgN �<p 2 �

.,755 GgENFgBUz GgwG RF NKCNyGNz BO w IRFyBHF ABAPEwIRGwG,
RAP ERAPUNG �d– XBEzNERNF NG wU– 0871(–

3– iR©HUwGNz ERAPUNGF GgwG zB FNGGUN RAGB FNUO,yBA“AN©NAG
gwIN “AwU NyyNAGERyRGL PEwzRNAGF d.,.3 .,8: FNN
rRPHEN 0”– iRAyN wUU FHyg ERAPUNGF gwIN D ≃ ê–8@ GgRF
©NwAF GgwG ERAPUNGF gwIRAP F©wUUNE NyyNAGERyRGL PEwzRNAGF
d wUFB gwIN UwEPNE CNERwCFN GJRFG ] GgwG RF URTNUL zHN GB w
gRPgNE ERAPUNG IRFyBFRGL �iNyGRBA 3–4–0(–

4– jgN ERAPUNG&F GBGwU NANEPL UH©RABFRGL GA RF MNEB wOGNE GgN
ERAPUNG gwF FNGGUNz RAGB GgN FNUO,yBA“ARAP FGwGN
�iNyGRBA 3–3(– jgN ERAPUNG&F PEwIRGwGRBAwU NANEPL UH©RA,
BFRGL GC e� RF wUFB MNEB wG wUU GR©NF@ yBAFRFGNAG JRGg FNyHUwE
GgNBEL–

”– iNUO,yBA“ARAP ERAPUNGF gwIN FgwEC NzPNF �iNyGRBA 3–6–0(–
6– hRAPUNG IRFyBFRGL wUFB yREyHUwERMNF GgN ERAPUNG RA GR©N

τN ∼ 0ê” BExRGF ∼0êêê LE �iNyGRBA 3–”(– �OGNE IRFyBFRGL
gwF ENzHyNz GgN NyyNAGERyRGL BO GgN ERAPUNG&F RAANE NzPN GB
MNEB@ GgN ERAPUNG&F NyyNAGERyRGL PEwzRNAG d JRUU GgNA FgERAT
BINE GR©N@ RGF wAPHUwE ©B©NAGH© flHK ENINEFwU JRUU yNwFN@

07

iec �rspnoearhyJT untpAJTl 87”911ê �14CC(@ 1ê14 vHAN 1ê twgA NG wU–



wAz IRFyBHF FCENwzRAP JRUU ENFH©N wF ERAPUNG IRFyBFRGL
wPwRA GEwAF©RGF wA BHGJwEzF flHK BO wAPHUwE ©B©NAGH©–
hRAPUNG yREyHUwERMwGRBA GgHF ywHFNF RG GB wPwRA ENFH©N
FCENwzRAP EwzRwUUL wAz GgN ERAPUNG JBHUz UBFN RGF FgwEC
NzPNF–

7– iNUO,yBA“ARAP AwEEBJ NyyNAGERy CUwANGwEL ERAPUNGF wEN
FgBEG URINz HAUNFF GgNEN RF w ©NygwARF© GgwG ywA CH©C HC
GgN ERAPUNG&F NyyNAGERyRGL–

8– mN FCNyHUwGN GgwG w FgwEC,NzPNz FNUO,yBA“ARAP AwEEBJ
NyyNAGERy CUwANGwEL ERAPUNG “EFG BERPRAwGNz wF wA NKyNC,
GRBAwUUL UwEPN ERAP CwEGRyUN BExRGRAP JRGgRA w ANwExL zNAFN
CUwANGwEL ERAP– fBFFRxUL wF w F©wUU N©xNzzNz ©BBAUNG
FHyg wF GgN CENFH©Nz ywHFN BO GgN CEBCNUUNE FGEHyGHENF
FNNA RA iwGHEA&F ©wRA � ERAP– uO GgwG N©xNzzNz ©BBAUNG
RF BExRGRAP ANwE GgN zNAFN ERAP&F NzPN@ GgNA RGF ENwyGRBA GB
GgN PEwIRGwGRBAwU FgNCgNEzRAP GBEDHN GgwG RG NKNEGF wyEBFF
GgN zNAFN ERAP JBHUz ywHFN GgwG ©BBAUNG GB ©RPEwGN
GBJwEz wAz GgNA xNLBAz GgN zNAFN ERAP&F NzPN– uO FB@ GgNA
w zNAFN CUwANGwEL ERAP ywA wUFB xREGg ©HUGRCUN FHyg
©BBAUNGF– jgN ERAP,GBEDHN JBHUz wUFB ywHFN GgN UwEPNFG
©BBAUNG GB BINEGwTN wAL F©wUUNE ©RPEwGRAP ©BBAUNGF@
JgRyg JRUU NAyBHEwPN ©BBAUNG-©BBAUNG FywGGNERAP wAz
NINAGHwU yBUURFRBA– � zRFEHCGRIN ©BBAUNG yBUURFRBA JBHUz
PNANEwGN zNxERF GgwG JBHUz DHRyTUL FgNwE BHG RAGB w UBJ,
NyyNAGERyRGL ERAPUNG JgBFN FNUO,PEwIRGL yBHUz NKyRGN RGF
NyyNAGERyRGL PEwzRNAG HAGRU RG FNGGUNF RAGB GgN FNUO,yBA“ARAP
FGwGN GgwG RF FgwEC,NzPNz@ wUxNRG GN©CBEwERUL–

6- �MMRGRBAwk rBkkBvmtC iGtMRNF

tNEN@ JN URFG CBFFRxUN OBUUBJ,HC FGHzRNF GgwG yBHUz wUFB xN
CHEFHNz HFRAP GgN NCR.RAG.URGN FGENw©URAN RAGNPEwGBE9

0– dnAURANwE FCREwU MNAFRGL JwINF– �AwULGRyF GgNBERNF NKRFG@
xHG GgNL wEN yB©CUNK wAz ygwUUNAPRAP GB N©CUBL
�r– t– igH NG wU– 0874: d– XBEzNERNF NG wU– 087”(@
JgNENwF FB©N ©RPgG ENPwEz GgN NKNyHGRBA BO wA
NCR.RAG.URGN FR©HUwGRBA wF GgN FR©CUNE/OwFGNE JwL OBE,
JwEz– iCREwU zNAFRGL JwINF wEN ABAURANwE JgNA GgN
FHEOwyN zNAFRGL IwERwGRBA zHN GB GgN JwIN RF yB©CwEwxUN
GB GgN ERAP&F HAzRFGHExNz FHEOwyN zNAFRGL R–N-@ |Δσ| ∼ σê–
iRAyN σ = λ/ΔE@ GgRF ©NwAF GgwG FGENw©URAN FNCwEwGRBA
ΔE ANNz BAUL FgERAT xL w OwyGBE BO GJB GB ©wTN w zNAFRGL
JwIN ABAURANwE– dBGN GgwG NyyNAGERyRGRNF wFFByRwGNz JRGg
GgN JwIN wEN FGRUU F©wUU@ JgRyg ©NwAF GgwG GgN FGENw©URAN,
RAGNPEwGBE wCCEBwyg RF JNUU FHRGNz OBE FR©HUwGRAP ABA,
URANwE zNAFRGL JwINF– iNN OBE NKw©CUN GgN h– s– rENAyg
NG wU– �1ê0”w( FR©HUwGRBA BO w ©wEPRAwUUL ABAURANwE FCREwU
zNAFRGL JwIN HFRAP GgN NCR.RAG yBzN@ JgRyg RF GgN
CENzNyNFFBE BO NCR.RAG.URGN–

1– fwEGUL RAynVCENFFRxUN AnAURANwE FCREwU MNAFRGL JwINF–
eAN ywA R©wPRAN GgwG w FHO“yRNAGUL IRPBEBHF ABAURANwE
zNAFRGL JwIN yBHUz zERIN CwEGRyUN zNAFRGRNF gRPg NABHPg
FHyg GgwG ERAP CwEGRyUNF RA GgN wOONyGNz ENPRBA wEN CwyTNz
FgBHUzNE,GB,FgBHUzNE FB GgwG OHEGgNE yB©CwyGRBA RF
R©CBFFRxUN xNywHFN GgwG ENPRBA gwF xNyB©N RAyB©CENF,
FRxUN– mN FHFCNyG GgwG GgNFN RAyB©CENFFRxUN CwGygNF
yBHUz wUFB ENFHUG RA FgByTF wAz/BE INEGRywU FCUwFgRAP wF
GgN JwIN zERINF wzzRGRBAwU ERAP CwEGRyUNF RAGB GgN wOONyGNz
ENPRBAF– mgRyg FHENUL JBHUz wUGNE GgN JwIN&F zLAw©RyF
wAz ©wL UNwz GB ANJ wAz CBFFRxUL BxFNEIwxUN CgNAB©NAw
�N–P-@ d– XBEzNERNF NG wU– 0874(– dBGN GgwG GgN NDHwGRBA BO

FGwGN �qei( N©CUBLNz xL NCR.RAG.URGN wFFH©NF GgwG GgN
ERAP RF w yB©CENFFRxUN CwEGRyUN PwF@ xHG GgwG qei yBHUz
NwFRUL xN wzwCGNz GB wyyBHAG OBE GgN wzzRGRBAwU OBEyNF GgwG
JBHUz ENFHUG wF CwEGRyUNF NAGNE RAGB BE ENyBRU OEB© GgN
RAyB©CENFFRxUN CwGygNF PNANEwGNz xL GgN JwIN–

2– dnAURANwE FCREwU xNAMRAP JwINF– �UGgBHPg GgNBERNF OBE
ABAURANwE FCREwU zNAFRGL JwINF zB NKRFG@ wA wAwULGRy
GgNBEL OBE w ABAURANwE FCREwU xNAzRAP JwIN zBNF ABG– jgN
OHAzw©NAGwU wFFH©CGRBA BO URANwERMNz xNAzRAP JwIN
GgNBEL RF GgwG GgN EwzRwU OBEyNF wFFByRwGNz JRGg GgN JwIN
wEN ANPURPRxUN yB©CwENz GB GgN JwIN&F INEGRywU OBEyRAP BO
GgN ERAP �r– t– igH 0873(– mgRyg RF GEHN CEBIRzNz GgN
xNAzRAP JwINUNAPGg λx RF UwEPN yB©CwENz GB GgN xNAzRAP
JwIN w©CURGHzN �@ JgRyg RF GgN ERAP CUwAN&F ©wKR©wU
INEGRywU zRFCUwyN©NAG zHN GB GgN xNAzRAP JwIN@
R–N-@ λx ≫ �– �UGgBHPg GgN NCR.RAG.URGN FGENw©URAN
RAGNPEwGBE RF yHEENAGUL w GJB,zR©NAFRBAwU yBzN@ wzwCGRAP
RG GB GgN GgREz zR©NAFRBA FgBHUz xN FGEwRPgGOBEJwEz@
JgRyg ©NwAF GgwG GgN ENIRFNz yBzN JBHUz GgNA xN JNUU
CBFRGRBANz GB FR©HUwGN w ABAURANwE FCREwU xNAzRAP JwIN
gwIRAP λx ≲ �– �UFB ABGN GgwG@ JgNA RA GgRF ENPR©N@ GgN
PEwIRGwGRBAwU OBEyNF NKNEGNz xL GgN JwECNz ERAP CUwAN wEN
AB UBAPNE CHENUL INEGRywU@ R–N-@ GgN JwIN&F OBEyRAP BO GgN
JwECNz ERAP CUwAN JRGgRA zRFGwAyNF ∼λx JRUU wUFB gwIN wA
RA,CUwAN yB©CBANAG@ wAz GgwG EwzRwU OBEyRAP BO w FNUO,
PEwIRGwGRAP ERAP GNAzF GB xNPNG FCREwU zNAFRGL JwINF–
mgRyg FHPPNFGF GgwG w FCREwU xNAzRAP JwIN@ JgBFN
JwINUNAPGg λx FgERATF wF RG CEBCwPwGNF@ JRUU NINAGHwUUL
PB ABAURANwE RA w JwL GgwG ©RPgG FCwJA w FCREwU zNAFRGL
JwIN GgwG yBHUz xN BxFNEIwxUN RA YwFFRAR BxFNEIwGRBAF BO
iwGHEA&F ERAPF–

3– swUwyGRy FCREwU FGEtyGtEN– jgN ©wRA zROONENAyN xNGJNNA
CUwANGwEL wAz PwUwyGRy GEwSNyGBERNF RF RA GgNRE CENyNFFRBA
EwGNF– fUwANGwEL BExRGF CENyNFF FUBJUL@ ] <

@ JgNENwF PwUwyGRy GEwSNyGBERNF@ JgRyg ywA wUFB xN
zNFyERxNz xL NDHwGRBAF URTN qDHwGRBA ��8(@ CENyNFF
EwCRzUL@ ] �L Ω(– mgRyg FHPPNFGF GgwG NCR.RAG.URGN
yBHUz wUFB xN HFNz GB FR©HUwGN PwUwyGRy FCREwU FGEHyGHEN
JgNA GgN yBzN RF CEBIRzNz JRGg wCCEBCERwGN OHAyGRBAF OBE
Ω�E( wAz κ�E(– qCR.RAG.URGN RF wUFB DHRGN PNANEwU RA GgwG RG
ywA FR©HUwGN JwINF RA xBGg PEwIRGL wAz CENFFHEN
zB©RAwGNz zRFTF@ wAz wzzRGRBAwU CNEGHExwGRBAF OEB© w
yNAGEwU xwE JBHUz xN FGEwRPgGOBEJwEz GB RAyUHzN–

4– �FLVVNGERy yREytVFGNUUwE MNxERF MRFT– � zNxERF zRFT RF w
zHFGL yREyH©FGNUUwE zRFT GgwG RF BOGNA OBHAz RA BExRG wxBHG
LBHAPNE FGwEF@ ∼0ê6−8 LE �X– cwGGgNJF NG wU– 1ê07(@ wAz
RF w CBFFRxUN FRPAwGHEN BO BAPBRAP CUwANG OBE©wGRBA–
cwAL FHyg FGwE,zRFT FLFGN©F wEN FHFCNyGNz BO gBFGRAP wA
HAFNNA CUwANGNFR©wU ’xREGg ERAP@5 JgNENRA yBUURFRBAF
w©BAP GgBFN CUwANGNFR©wUF PNANEwGNF zHFG JgBFN F©wUUNE
PEwRAF wEN UwHAygNz RAGB INEL JRzN NyyNAGERy BExRGF zHN GB
FGNUUwE EwzRwGRBA CENFFHEN �b– q– iGEHxxN % q– u– YgRwAP
1êê”(– jgBFN NyyNAGERy zHFG PEwRAF CBCHUwGN w INEL xEBwz
zRFT GgwG ywA xN BxFNEINz BHG GB FGNUUwE,yNAGERy zRFGwAyNF
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ERAPUNGF– rBE RAFGwAyN@ GgN GgENN UBJNFG,©wFF xUHN wAz PENNA

FR©HUwGRBAF RA rRPHEN 1” gwIN Δ�/� > ê–4@ JgRUN GgwG DHwAGRGL
RF FRPAR“ywAGUL F©wUUNE OBE GgN gRPgNE,©wFF ERAPUNGF– rEB© GgRF@

JN yBAyUHzN GgwG GgN UBJNE,©wFF FR©HUwGRBAF wEN NKCUBERAP

CwEw©NGNE FCwyN JgNEN GgN GgNBENGRywU CENzRyGRBAF zB ABG wCCUL

wAz GgwG GgN gRPgNE,©wFF FR©HUwGRBAF wEN RA NKyNUUNAG

wPENN©NAG JRGg GgNBEL–

rRPtEN 13- hwzRwU FCENwzRAP BO w RARGRwUUL AwEEBJ yREyHUwE IRFyBHF ABAPEwIRGwGRAP ERAPUNG@ FR©HUwGRBA �zwFgNz yHEINF JRGg zBGF( IF– GgNBEL �FBURz yHEINF(– jgN
FR©HUwGNz ERAPUNG gwF GgN Fw©N CgLFRywU CEBCNEGRNF wF GgN AB©RAwU ERAPUNG9 GBGwU ©wFF VE = 0ê−0ê@ RARGRwU FN©R©wSBE wKRF JRzGg Δwê = 0ê−3@ FgNwE IRFyBFRGL
νF = 0ê−02@ wAz xHUT IRFyBFRGL νx = νF– tBJNINE@ GgRF FR©HUwGNz ERAPUNG RF yB©CBFNz BO dF = 02 FGENw©URANF RAFGNwz BO GJB@ wAz wUU FGENw©URANF wEN RARGRwUUL yREyHUwE@
N = ê– �Az xNywHFN w yREyHUwE ERAPUNG RF wUJwLF wKRFL©©NGERy@ BAUL dC = 2 CwEGRyUNF CNE FGENw©URAN ANNz xN HFNz gNEN– qwyg yBUBENz yHEIN RAzRywGNF GgN ERAPUNG&F EwzRwU
FHEOwyN zNAFRGL CEB“UN � ( ˜�q IF– EwzRwU zRFGwAyN E/E©Rz wG IwERBHF GR©NF G/τν@ JgNEN τν RF GgN IRFyBHF GR©NFywUN wAz E©Rz RF GgN EwzRHF BO GgN ERAPUNG&F ©RzzUN– iBURz
GgNBENGRywU yHEINF wEN OEB© qDHwGRBA �1–02( BO v– q– fERAPUN �0870(@ JgNEN GgN yBAFGwAG ˜ �< h qq lec
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�CCNAMRa p

jgRF NKw©RANF GgN IRFyBHF NIBUHGRBA BO w AwEEBJ NyyNAGERy
ABAPEwIRGwGRAP ERAPUNG GgwG RF RzNAGRywU GB GgN AB©RAwU ERAPUNG BO
iNyGRBA 2–0 xHG JRGg ERAPUNG FNUO,PEwIRGL ANPUNyGNz wAz v1 = ê–
�F GgN BEwAPN yHEIN RA rRPHEN 16 FgBJF@ GgN ABAPEwIRGwGRAP
ERAPUNG&F EwzRwU JRzGg Δw PEBJF BINE GR©N zHN GB ERAPUNG

IRFyBFRGL@ UBAP wOGNE GgN AB©RAwU FNUO,PEwIRGwGRAP ERAPUNG �xUHN

yHEIN( gwF FNGGUNz RAGB GgN FNUO,yBA“ARAP FGwGN xL GR©N G ∼ 3êτν–
jgRF RF zHN GB GgN ERAPUNG&F FNyHUwE PEwIRGwGRBAwU CNEGHExwGRBAF

BO RGFNUO@ JgRyg GNAzF GB NKyRGNF GgN ERAPUNG&F BHGNE FGENw©URAN&F

NyyNAGERyRGL wG GgN NKCNAFN BO GgN RAANE FGENw©URAN �FNN

rRPHEN 2( HAGRU GgN ERAPUNG NyyNAGERyRGL PEwzRNAG d �xUHN yHEIN RA

rRPtEN 15- bRxEwGRBA CNERBz SURx IF– ERAPUNG ©wFF VE OBE GgN FHRGN BO AwEEBJ wAz JRzN ERAPUNGF wUFB FR©HUwGNz RA rRPHEN 14– ZBGGNz yHEINF wEN GgN FR©HUwGNz BHGyB©NF
JgRUN zwFgNz yHEINF wEN OEB© qDHwGRBA �Y2( zNERINz RA d– XBEzNERNF NG wU– �0872x(– dBGN GgwG BHGyB©NF OBE GgN UBJNE,©wFF ERAPUNG FR©HUwGRBAF zB zRFwPENN JRGg
GgNBEL@ xHG GgNL wEN NKCUBERAP w CwEw©NGNE FCwyN JgNEN GgN wFFH©CGRBAF HGRURMNz RA GgN zNERIwGRBA zB ABG wCCUL–

rRPtEN 14- qDHRURxERH© ddo OBE GJB TRAzF BO RAIRFyRz ν = ê PEwIRGwGRAP ERAPUNGF– jgN xUHN yHEIN RF OBE AwEEBJNE UBJNE,©wFF ERAPUNGF GgwG wUU gwIN GgN Fw©N FN©R©wSBE
wKRF JRzGg Δw = 4 × 0ê−3@ NyyNAGERyRGL N = ê–êê14@ wAz GgN RAzRywGNz EwAPN BO ERAPUNG ©wFFNF VE– jgN PENNA yHEIN RF OBE JRzNE gRPgNE,©wFF ERAPUNGF JgBFN Δw wAz N
wEN UwEPNE xL ×1– ZBGF RAzRywGN BHGyB©NF OEB© NCR.RAG.URGN FR©HUwGRBAF@ JgRUN yBAGRAHBHF yHEINF wEN GgN GgNBENGRywU CENzRyGRBAF OEB© d– XBEzNERNF NG wU– �0872x(–
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rRPHEN 17( PEBJF xNLBAz GgN UR©RG ENDHRENz OBE yB©CUNGN
wAPHUwE ©B©NAGH© flHK ENINEFwU GgwG ENFHUGF RA GgN ERAPUNG&F
EwzRwU yBA“AN©NAG �zBGGNz URAN(– dBGN GgwG IRFyBFRGL wUFB

NKyRGNF GgN ABAPEwIRGwGRAP ERAPUNG&F NyyNAGERyRGL PEwzRNAG FB©N
�BEwAPN yHEIN(@ xHG ABG FHO“yRNAGUL GB gwUG GgN ERAPUNG&F IRFyBHF
FCENwzRAP–

rRPtEN 16- XUHN yHEIN RF GgN AB©RAwU ERAPUNG&F FN©R©wSBE wKRF JRzGg Δw IF– GR©N G@ wAz GgRF ERAPUNG&F EwzRwU FCENwzRAP yNwFNF xL GR©N G ∼ 3êτν JgNA RGF FNUO,PEwIRGL
gwF NKyRGNz GgN ERAPUNG&F NyyNAGERyRGL PEwzRNAG d FHO“yRNAGUL: FNN xUHN yHEIN RA rRPHEN 17– eEwAPN yHEIN FgBJF GgwG GgN ABAPEwIRGwGRAP ERAPUNG&FΔw PEBJF JRGgBHG UR©RG
zHN GB GgN ERAPUNG&F ©Hyg UBJNE NyyNAGERyRGL PEwzRNAG– dBGN GgwG CUwANGwEL BxUwGNANFF JBHUz ywHFN GgN ABAPEwIRGwGRAP FGENw©URANF GB CENyNFF zROONENAGRwUUL wAz
NINAGHwUUL yEBFF JgNA v1 > ê@ FB GgN ABAPEwIRGwGRAP FR©HUwGRBA wUFB FNGF v1 = ê GB wIBRz zROONENAGRwU CENyNFFRBA–

rRPtEN 17- qyyNAGERyRGL PEwzRNAG d IF– GR©N G OBE FNUO,PEwIRGwGRAP AB©RAwU ERAPUNG �xUHN yHEIN(@ wAz ABAPEwIRGwGRAP ERAPUNG �BEwAPN(–
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